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Fig. 2 The phase diagram of the pendulum motion
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Table 1 Comparison of numerical results from the harmonic-energy balance method and other methods
0,0 =0 the exact the present  the present KBM method Karmans method
solution method method
rad degree w/w, w,/ o, wy/ @, a2 wy/wy O o w;i/ @y
0 0° 1 1 1 1 1 1 1
0.2 11°27'33" 0.99750 0.99750 0.99741 0. 19996 0.99751 0.19996 0.99751
0.4 22°55'6" 0.99001 0.99002 0.98965 0.39966 0.99003 0.39968 0.99003
0.6 34°22'39" 0.97754 0.97758 0.97675 0.5988 0.97763 0.5989 0.97763
0.8 45°50'12" 0.96012 0.96026 0.95878 0.7972 0.96040 0.7973 0.96040
1.0 57°17'45" 0.93779 0.93814 0.93582 0.9944 0.93847 0.9946 0.93846
1.2 68°45'18" 0.91057 0.91131 0.90796 1.1900 0.91201 1.1906 0.91198
1.4 80°12'51" 0.87848 0.87989 0.87533 1.3835 0.88122 1.3846 0.88114
1.6 91°4024" 0.84151 0. 84402 0.83803 1.5743 0. 8463 1.5763 0. 8461
1.8 103°07'57" 0.79957 0.80382 0.79620 1.761 0.8076 1.765 0.8072
2.0 114°35'30" 0.75250 0.75942 0.74993 1.943 0.7654 1.951 0.7476
2.2 126°03'03" 0.69989 0.71093 0.69930 2.118 0.7200 2.132 0.7185
2.4 137°30'36" 0. 64096 0.65840 0.64432 2.283 0.6719 2.307 0.6698
2.6 148°58'8" 0.57400 0.60180 0.58486 2.432 0.6216 2.476 0.6138
2.8 160°25'41" 0.49485 0.54097 0.52058 2.558 0.5699 2.635 0.5610
3.0 171°53'14" 0.38892 0.47543 0.45072 2.642 0.5179 2.783 0.5023
T 180° 0 0 0 TI' 0 ™ 0
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(a) Single harmonic solution and the exact (b)Two harmonic solutions and the exact

K4 K a=m/3(°° Rk, —HiFiK)
Fig. 4 Phase diagram a =7/3

(ooo

:the present methods results; :the exact results)

2 2
‘l.
)
.
-11
-2 T , -2 : - r
2 g0 1 2 2 1 go 1 2

(a) Single harmonic solution and the exact  (b)Two harmonic solutions and the exact

K5 #K a=m/2(°° Rk, —HiEiK)
Fig. 5 phase diagram a = 77/2

(ooo

:the present method$ results; :the exact results)

2] o 24
1 o, .1
% 3
-1 1
2 o 2]
2 -1g0 1 2 2 190 1 2

(a) Single harmonic solution and the exact (b)Two harmonic solutions and the exact

K6 & a=2m/3(°° Ak, —HiHffE)
Fig. 6 Phase diagram a =27/3

(ooo

:the present method$ results; . the exact results)

Ka4~K9I AT a=n/3,,a=m/2,a =
27/3,a =57/6,a =2.8 fl a =3 I BRI UL v R
TUIE I 1 5 A A e ) R T L

Pha =2.8 M KN

@ =2arcsin[ 0. 98545sn( w,t,0.98545) 1,
BT BE 1 1 i -

0 =2.8cos(0.54097w,t) ,

PHIIEIHE E f A L A -
0 =3.0236cos(0. 52058w,t) —
0.22361cos(1.5617w,t) ,
KBM #3 v5 s R -

0 =2. 8cos (0. 5699w, ) —0.242cos(1. 7097wyt ) ,

Karman 25 %@ -1 T L) i -

6 =3. 0246c0s(0. 5610wyt ) —
0. 25231cos(1. 6830w, t)

VAT AR S A A0 A 2 A R L, T RY @ A
160° BfF 3T i, B8 00038 ¢ R 5O B AR Y R 22
9.320% , IV AR 50K B A A 1R 22 0 5. 200%
KBM 32505 YGRS R rg iR 2 15.17%,
Karman ¥ — AR S0RG 0 i 91222 13.37%.

3 3
21 D e 2 00T Om.,
20O W, > \Q\\

6-1 1 4 .1 & %

01 : % { }
-11 1 ™ s
] ST > Moo oo

-3 drrreery — B S—

-3 -2-1g0 1 2 3 3 2 -1g0 1 2 3

(a) Single harmonic solution and the exact  (b)Two harmonic solutions and the exact

K7 MK @ =57/6(°° Ak, —HiFiE)
Fig. 7 Phase diagram a =57/6

(°°°.the present methods results; :the exact results)
3 3
2 T — 2 T Oog
PLLEE YN o~ %
el I s'17” 2
i JK )
] 1] % &
=1 %‘bmmcg — w‘?’ 1 N . 6‘6{
21 ey -2 o006
-3 Bdaas: T -3 e e
32 -190 1 2 3 3 2 -190 1 2 3

(a) Single harmonic solution and the exact  (b)Two harmonic solutions and the exact

B8 A a =2.8(°° A, —IHF)
Fig. 8 Phase diagram a =2.8

(°°°.the present methods results ; :the exact results)
p
3 3
2.1 o~ 2 O‘MQ\Q
AT oo 26
o' s REIE X
! '
-1 1 °6},6‘ '/006°
-2 =2 ¢ bvw“'&o
-3 Tt -3 aaaas: ey
-3 -2 -190 1 2 3 -3 -2 -19g0 1 2 3

(a) Single harmonic solution and the exact  (b)Two harmonic solutions and the exact

B9 A a =3 (oA gk, —HEHAE)
Fig. 9 Phase diagram a =3

(ooo

:the present methods results; :the exact results)

3 #ig

1) AR SO TR - RE A P A oK A T s ARk
FALRIRNET, 325 T BRI iR R S O e
R LA 4 ~ 1819 T UL, Y a > ST,
ToRARLE , LIT AT SR A AR E VI D — 2K,



%53 1]

ZERRILAT - FHI - Rl BT Hr vk SR A F A2 07 203

T R0 T 0 e 55 0 0 o P 2 — B30 X R IR -
P B AR B, SORG .

2) K 145 H T Mg Py 1 KBM Tk
72 Karman 2% 550 TF 75 FIORS 0 f 10 L 3%, 45 R 3%
B, 6 a<57° () 55 9E M 1% O, KBM 373 32 | Kar-
man ZER I L] LIAS EARIF IS5 5. X a >57°11)
s AR S , KBM #i7%  Karman RER LS
R fR e ) O 2 S LA, T PP L3 08 e 5 K 1A ik A
M X R W A X R AR L R G
CINDEEEIFRE=NibE

3) I -RE AL S AT RE TS H )
UG AR TR AR WS U 55k P A5 380 38 5 kS
JFE. SOR T A% Ge H T T i vk T B L3R 22 1) 1 I
B A REAS B A R kG B I i

4) T -fg B P L 2 8 T AR LMk SR AURRE.
SR TAEGE R RS AL T K 3 22 I i e

2 £ X #

1 R A e Rah. bt & & 8F H Mt 2002
(Chen Y S. Nonlinear Vibration. Beijing: Higher educa-
tion press, 2002 (in Chinese) )

2 Nayfeh A H, Mook D T. Nonlinear oscillations.
York: Wiley 1979

30 SR, R . SRR S R R . e ER
2% A #5,1986,29 (1) :34 ~40 (Dai S Q, Zhuang F Q.

New

Asymptotic solution for a class of nonlinear oscillatory sys-
tems. The Science of China A, 1986,29 (1) :34 ~40 (in
Chinese) )

4 . SRAERMEIRSI RGN E RIS S s . e
Bh2E At 1997 (Li L. Qualitative theory and quantita-
tive method for strongly nonlinear vibration system. Bei-
jing:Science Press, 1997 (in Chinese) )

5 BRROEE, XUTERE , sAR 5, AR s AR LR MER S Y E it s
BT R BNE W R, 1997 (Chen S H, Liu S L,
Zhang Y Q, Xu Z. Quantitative method for strong nonlin-
ear vibration. Guangzhou: Guangdong Science and Tech-
nology Press, 1997 (in Chinese) )

6 AR B, A B s AR L Duffing J5 72 (9 5% 50
fitt. KRBT T R4 ,2000,31(5) :516 ~520 (Li Y S,
Hao L M, Shu X F. Asymptotic solution of strongly nonlin-
ear Duffing equation. Journal of Taiyuan University of
Technology, 2000,31(5) :516 ~520 (in Chinese) )

7 Leung A Y T,Zhang Q C. Complex normal form for strongly

10

11

12

13

14

15

nonlinear vibration systems exemplified by Duffing-van der
Pol equation. Journal of Sound and Vibration,1998,213
(5):907 ~914
R O, X o3 2R AR L PRl M HAE TR
B . T ol R 24241k ,2004,32(3 ) - 80 ~ 83 (Li
Y S, Li X Y, Liu B. Bifurcation chaos nonlinear oscilla-
tions and their application in engineer. Journal of Hebei U-
niversity of Technology, 2004,32(2):96 ~ 103 (in Chi-
nese) )
AR, BT AL, SRR, IR 1] SRR AR I R R B
RPIE 43 75, PSR B, 2001,23(2) ;148 ~151 (Li Y
S, Chen Y S, Wu Z Q. Subharmonic bifurcation of nonlin-
ear vibration of orthotropic circular plates. Journal of Me-
chanical Strength, 2001,23(2) ;148 ~151 (in Chinese) )
AR, XU, Jeim RS AR ARG S I8 Al A 2/
1®3/1 MR W H 2 4,2002,19(3) .20 ~ 24

(LiY S, Liu B, Long Y J. %@% Superharmonic solu-

tion of a circular plate with quadratic nonlinear viscoelastic
material. Journal of Applied Mechanics, 2002,19(3) :20
~24 (in Chinese) )

Li Y S, Zhang N M,Yang G T. 1/3 Subharmonic solution
of elliptical sandwich plates. Applied Mathematics and Me-
chanics, 2003,24(10) :1147 ~ 1157

L KT, TR SE. FOREELR IR R 120
1/4 %A PR35 vhili ,2006,25(3) 1115 ~ 120 (Li Y
S, Zhang S'Y, Zhang M L. 1/2 +1/4 Subharmonic solu-
tion of a circular plate from nonlinear of material. Journal
of Vibration and Shock, 2006,25(3) ;115 ~ 120 (in Chi-
nese) )

AL HKETT, HEH I, ER R TR 5K A i
FELRAE Duffing 75 . KU TR 27244 ,2005,36 (6) :

690 ~693 (LiY S, Zhang SY, Dong Q T, Cao J L. Two
harmonics method for strongly nonlinear Duffing equation.

Jounal of Taiyuan University of Technology, 2005,36(6) :
690 ~ 693 (in Chinese) )

B SKETT, RO, BRI SRARL M B ) RS
PTG IE . R B R 22741k, 2005,36 (6) 1694 ~

696 (Li YS, Zhang S Y, Li X Y, Luo L J. Two-harmonic
method for strongly nonlinear dynamic systems. Journal of
Taiyuan University of Technology, 2005,36(6) :694 ~ 696
(in Chinese) )

AR, TR TT, X P . A IR AR AF T R B B AR
F HAR A 70 7 k. HLARGE JE, 2007,29 (1) :30 ~ 353
(Li Y S, Zhang S Y, Liu B. Bifurcate solutions of free

vibration of a circular plate under various boundary condi-



204 g 1 ¥ 5 & 6l ¥ W 2016 4F5F 14 %

tions. Jowrnal of Mechanical Strength , 2007 ,29(1) ;30 ~ (LiYS, Pan WB, Wu Y Y, Li X Y. Asymmetric
35 (in Chinese) ) strongly nonlinear oscillation characteristic analysis. Jour-

16 ZARIL WG SO0k, 4, 23Rl FERTFRIR AR PEIR 3) nal of Dynamics and Control, 2012,10(1) ;15 ~20 (in
FRAEZMAT. 3h )2 54 24 40, 2012,10 (1) : 15 ~ 20 Chinese ) )

HARMONIC-ENERGY BALANCE METHOD
FOR SOLVING PENDULUM EQUATION"

Li Yinshan'"™ Li Tong® Wei Bingwei' Li Xinye'
(1. Department of Mechanics, College of Mechanical Eng. , Hebei University of Technology, Tianjin 300130 China)
(2. Key Laboratory of Pressure Systems and Safety, Ministry of Education, East China University of Science and Technology,
Shanghai 200237, China)

Abstract A harmonic-energy balance method is put forward to solve the strong nonlinear pendulum equation.
The difference from the classical perturbation method is that the harmonic balance method does not account the
differential equation and initial conditions separately, but it considers both simultaneously. Through the harmon-
ic-balance method, two-order ordinary differential equations describing dynamic systems become a set of nonlinear
algebraic equations with the variables of angular frequency and amplitude. Considering the balance of energy, the
close equations with angular frequency and amplitude as the variables can be solved. The harmonic-energy bal-
ance method is a combination of harmonic-balance and energy balance. It overcomes the shortcomings of both
methods and takes their advantages. A case study also shows that the harmonic-energy balance method is simpler

with higher precision although it takes less harmonics.

Key words strong nonlinear, pendulum, harmonic-energy balance method
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