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Performance Qutput Tracking for an Unstable Heat Equation with Input Delay
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Abstract In the process of accurately tracking the welding path with the end effector of an industrial ro-
bot arm, challenges such as joint friction (disturbance) and communication time delay arise. To address
these issues, this study investigates the performance output tracking problem for a one-dimensional un-
stable heat equation, with unknown external disturbances and input end time delay. Based on the
properties of the first-order transport equation, the control system can be modeled as a cascaded system
consisting of a heat equation and a transport equation, where the transport equation represents the actua-
tor dynamics. The system features a non-collocated structure, where the difficulties arising from this
structure are resolved by constructing an appropriate auxiliary system. The control problem of the casca-
ded system is solved via the actuator dynamics compensation method. An error-based observer is con-
structed to simultaneously estimate external disturbances and system states, and a full-state feedback
law is successfully designed to achieve the performance output tracking of the system. It is proven that

the designed observer is well-posed and the closed-loop system achieves exponential stability.
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3.2 EEZERIEH

5|12 WqeEeER.L>qgEMTSH.Ffe C—>C
S R R, IS 4 B I R B
F(G) = (B — ¢)coshG + GsinhG .G* =G

(67)
CIBUIN
ERR: &

FQ) =B —¢q)coshA, + A, sinhA (68)

Hra?=x,.YA, € C. BEHETF
A, f=f" Y[ €E DA,
JD(AZ)={f€ H(0,1) | (69)
tf’(O):(qu)f(O),f"(D:O}

4

Ayf =21V, €0(A) (70)
AR 2 L (69) T 4%

f//:A]f,
/ / (71)
FO =@ —q) f0).f(1)=0
W ko 7 R BRIE AT A5
Fx)=are ™ Faye =1, (72)

Hrha,a, € Z FHRT2DMRAKXTD AR50
CIEG

A, —B+qa, — A, +B—qa, =0

{ _ N (73)
ela,—e 'a,=0

K TDOFAEEM Y HACHFETTH X det[A A =

0, Hrp

’/\f :/\1

Ay A

Mi—Btqg —Qi B
Ad)) = B
e —e
(74)
T BT SRR O R Dy
det[A(A)] :/Tlsinh/il —+ (,8*(1)coshi1 =0
(75)

Hr, AT =2,, V24, € (A, F k. 5 M &3
f(G) AT,
I3 WqgER".B>¢.Q, €C. T, € C™
M F, € CY i Ea65), IBAXTE Rk

[w,(+,0),0(0)] € H,
W2 R G (64) fFHEME—f# (w,,0) € C([0,0);
H,) . T4,

¢ Ty a0 T 5y >0, >0 (76)
Hop g SRR T ¢ (9 15 5L
IERA: AR RS 2 A SCER 22 1R, £E 7R ) =
L € C" ffif§ G —LF, & Hurwitz f§. & X & T
A;:DA) CH, > H, N

A (f.g)=[f"(G—LF)g +Lf(0)]

Jv<f,g> € DA,

ID(A) ={(f.g) € H* (0.1 X C" |

1f’<o><ﬁq)f<o>,f/<1>o}

S48)
R T A, BE XD, RE640 0 LIS M4
B
X, () =A, X, (), X, () =[w, (o), 0()]"
(78)

T RS (64) /& B8 8URE R A R4 RS
W RIK RS, WAHT A, 7 H LA R 50
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5
dr

T /I S

2025 4FE%F 23 &

SER Co-2F R
54 HrcER g€ R .L>q.0 € C,
T, € C"" MF, € C" R 465, X FIEE
WIHAEARZS [w, (020058 (2100 ,0(0) v, (+,0) , ¢ (o
0,00 ] € HXHAER u« € L, (0,0) , RE
(61) F1 R G5 (62) FETEME —fF (w, dsv w,s6s
v) € C([0,00) 3 H X H) . HAk,
¢ Gy Gat) =, Goat) o @) — 0@ |5, =0
(79)
Hftw, € R",t > o,
ER . ARYESIEE 3 AL, W ERIRAS
[0, (+,0),0(0)]
=[w,(+,0) —w,(+,0),0(0) —ov(0]  (80)
W% R G (64 FFAEME — R (w,.0) € C([0,0);
HO R
" [, Cov) 0Tl 4y, > 00 >0 (8D)
Hh o, BAKET ¢ BIEHE WAL E0 R E
o =¢ (.00, RKMAFZ (6D 1Y ¢ T RGN

Jgﬁo(zt —L), Tx =1
¢ (x,t) == T

(82)
T <t
IELIHETE [w, (+20),¢(+,0),0(0)] € H FE
u € L, (0,0) , RE(61) FETEME—

(wy+pv) € C(L0,00)3H)
HR A AT AR AR (63) , & X

wy (x51) =w,(x st) — wy (x st)

v(t) =v(t) —v(t)
5B MK (83) s MEE [w,(«,0),¢4(+,0),
0(0) 1w, (+,0),4(+,0),0(0)] € H X H,&RE
(61) 1 2 Gt (62) 47 1 M —fi##

(W, spsvsw,spav) € C(LO,00) 3 H X H)
A8 S AR, FETEARE T ¢ W IEH B o, 1

e<u31 H (u'z(’vt)*'Zi’z(‘?l‘f)vv(Z)iij(t)) H H -0

ult —tx),

(83

(84)

Hrr ¢ — oo,

Wit EARS AT, RS 4 A w, (o)
v () 3 w, Cour) F o (o) AT, KR4 0] 53 725
(60) FT|FE 4, BITFFR G (6) BRI &5 4n T

w, (x,t) =w,, (x.t) +¥,(x)LLy.(t) —

Fo(t) +w(0,0)],
w, (0,0) =BLy.(t) +w(0,t) —T,0()]—

qw(0,2) + (qT, + T Do (1),

w, (1,0) =¢(1,0) + ¥, (Do),

—r¢,(xst)=¢,(x,t),

$C0,t) =u(t),

(1) = Go(t) +LLy.(t) —F,0(t) +w,(0,1)]

y.(t) =Fv(t) —w(0,1) (85)
Hep v, (o) HGD L. > q RAWBELL €
C"™ f§if8 G — LF, & Hurwitz f4.
FHE2 #rEeR ,gER".B>q.GE C™ i
B2 (7, Q, € C"G=1,2),F € C".L €
CY" R EMRE T, (o) B G 2. T, € C
MT, € C" H66)E Lo M4BT, 2%
EBVIRIRE

[w(+,0),¢(+,0),0(0),w(+,0),4(s,0),

v(0)] € HXH (86)
S« € L1, (0,0 , RG(6) WL (85) {7 7E
i — it

(wigrvswsprv) € C{L0,00)sHXH} (87)
53 4

e (wleut) —w(e ) u@) —o@) |4 >0

(88)

H, 1 —>w,w, € R,
WER: WS AGE w, o) o) BT
IR ww, Cour) Tl o) . G54 3.(60) AT 15

w(z,t) =w,(xt) + ¥, (x)v(t)
I w (e t) S w e ur) BT

MMEB IR [w(+,0),4(-.0),0(0)] €
HAPER] w € L1, (0.00) L5l 5 G5 (6) 77 7F ME— fif

(w,¢,v) € C{[0,0);H}
Mgl 4 AT, RE 61 MRS (62) 521 2 1. 45
A 60 AT (87) WAL, MG &R G (6) f 5] FH 4

Fr i (84) TT 13X (88) B AT
4 ZFit

AR SCH) FEE DTSR : (DB AR T R
& T — M7 Y I A BIL A AR T I X
PR R SRR E TR B 2 W s (2) B3t 1T BA T4 il
AIE 7 1 BB ) i o R R GEAE SR T H0 T A9 BR R
PERE s (30 1 ™ M5 B =2 o0 A - Bk 1 BT 4R D7 A Y
PBE. HFFERRAML T T LSRG 7
il B, A g R Tl B e A BILARRE R i A g R
B T A [ LR 3 1O 0 R e
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