5520 55 3 )
2022 4£ 6 f

oo EEE R

JOURNAL OF DYNAMICS AND CONTROL

Vol. 20 No. 3
Jun. 2022

XS . 1672-6553-2022-20(3) -056-10

DOI:10.6052/1672-6553-2021-035

—XFHEMNE - 2 EEENBELE
SHE S

ZEM F6E HAE HEAE

(Y2 FRHIOR S Bee SS9 % 710071)

WE LTI AN NE B NE AR A A R IR 5 e 8 2R 8 2 1) 9 5 4 3 0 D A B B, BIDR st
ToAA3 3 L A0 5 PGS BE A S8R B IRE 40 b E2S 200, 2301 DA 7 1 A5 BEATL IR P> A BE e T PR
B — SRt B e SR A AL S A M AR P 04T, 2 B IC I J8 F-17  mT ASE B Al A , G
TR REMS WS BR. (EA AR A ONARE , LM ) S 2 200 M0 5 e e 240 L R BB AR, R B R 5 IR S B 08
AN AE R A A BREREE 5, T RS T AR A Y A A B 30 v Sl P P X 2 L 2 RS R R R IR BE S
KB, AR P AR S — AR A A BT B T e 0 A Bk R, D e A PR 5 AT M) T B g 4 A A
A= B T DU 358 A e 2 PR 5 A 2 ) S 3 B sl e . PO AT 5, R 4 L 2 PR A2 — A R

A RMHERFEE B BRI, (H 52 TR SR A 52 WAL/, R TGS A AR 200 - el 2 240 0 0 e e A el o 1

R R T ARIEERS R
KR MBI - RS,
hE43%S:0193;0212

LA M,

51

il

SREREAT Ry — P R, 157 W A2 11 i
Je. Al [ B AE AT FEHLAL (TARC) A 9 Bk
RERTFEAR ) , 2018 45 4 BB 4 I Ak g 1] 2 1800
7 BBOCR AR AP EH, E R
PR AT LT TR O AT SRR YT A H]
T 0 B R AR I, (AR B M OR 2 H i
Pasf bR A —. 1 AR ) SR A 2R N
T3 101 SR A SRR, A R IRPE A AR
PR T L S AL Bl L B, 188 A vl ke
FF FEI A B R R 2 AL B B TR

RERG RN AR EEHNAZ —, H
AR D g g D — MRk, AR
i IeR AR AR RE — LG ™ A AR TR 1) S B S
IR 2 W , [ B, 250000 240 e 45 22 b S B 400 i 2
R AR L 00 7 F o 262 1A AT 0 228 L PO, SR

2021-03-26 YL F45 1 F5,2021-04-19 Y B MR

EL IS O
SRR EED A

Fokker-Planck J5 &

UK B M.

FURTOC T I — SR & 50 A B AR T A A8
AU AT S — AR R IR I 4 A A
SOREARFAL , 8 57 8 5 2 g 2 AT B o e bR
TIER G W AFTENE R E P S B o 2
IO R AN A K I N SN B f
WAL 2% 5 RS P B ALK v A B A D M 7 S 7 B L
B AL T BEATL DY 20 IR A A R R DL
ERIiish A R

AR LTI HIANTR] , Xof PR o e 5 f i
FGEZ (B 5 A A0 45 A B AR W A 2 i
5, AU — SR 1 8l ) “F e SCERER 3R L
B s FE MR ik TSR Ol
BEMLIT AN LRI 5 LA 340 1 BE LI - S
TR PG 55 B R A 1) M BE A ) 2 MR P ) A
TE, Hor A R R E AR R BIBENLINR — et
TR RERE KA. SR, 76 R 5 e RG0S5

#2021 4EFERRPY A RHGITHRIBTE (2021 IM - 116) | “—ff—3%" " iR S E & 55 | B0 H (- DL20200027009) | BRVY A AR U 48 A A FE2¢

TR 5 H (20200503 ) | Hr e m AL HE AR 55 8% % 15T 42 (| 1B210703 )

+ W{E1E# E-mail : liweilw@ mail. xidian. edu. cn



53 1]

e, IR LA 0 SR P 5 o 400 L S o
TELEAN I AR T 40 NK A0S, A1
e e [0 MR (A HRCER 18 =R SO 3 =
e RANLINIRG — G B R0 A T 75 A SR A R —
PIEXR.

T AR O 240 L SR8 T 25 H A A AR A DL S
JohEE e SL 45 SR, DeLisi 2570 3R . U &
S O 20 A R 2R B BB 0, S8 R e
TSR 174 5 A 2 % T 2L 200 L 28 5 A% B2 1
BEOM AT % 8. 25, Liu 257 % — WL 45 T
THGSE, IFAESCHR [26 ] B SE R X 7 B Bl s 1k
R — G R R f 1R AL P A AT T S P2 4 4
BT TG, JEER 5 4N SHZ AT T AL, A
MERIE ERFFE T Hopf 4 45 19 A& 1F 24 . 52 A
S0 bR AT T O, 5 08 T AR M BR
BT 2 R — SR R 1, 0 H
T T B E 200 L Y 30 2 A

AR SO T SCHR [ 26-29 T 9 T , 434 B4 40 f
A A F 3 A3 SR BN B, BTG ) R Bt
A 20 00 A K 7 5 e A A T 4 40 M 6 %
AT E2L 20 L BT B 19 B [ I, S SO 7E I 6 i
RGBSR b AR AR R AR DR, O
5 2 L PR B 7 e (B DLt % B A N, 7E B
IR A AN A A EEL 40 A A 5 R A L 4
2 [ F) = 248 BRI Y , 3t LI V% o B3 2
DA B 38 1o T BT S
1 HEMEME - REER

AL (1) Ly (7) R Ly(r) SM 2t %] = i
51 B BRI AN 5 2 B B R A A Uk
241 i V93 200 J0 1) %% 8. T DeLisi 2670 il B
BESAR PR (1) 45 1 BBemg L, LA 2
FA, > 0 FEAL A 2 BB Ly 5 (2) TERMRR L,
DMESEER A, HIRTEH; (3) A MR L, K Lk
Ha P (482 BB L, L
ooy > 0 BET;(5) 25 5pus 20 i A% 0 I, o 200
HLLUE A, > 0 [ TR 5 (6) 4 Sl 40 i
WSS IR AN LA o, Ly Ly BET . BRI EE 1Y
R - S R RS T R =4 R

2 PR S . — B B M — e e B A aff e M S RE LT 57
dL, L,L,
dr =-A(L -1) "‘0‘177_'_L3
dL
- =AML -l (1)
dr
dL,
- = MLy - oL,
dr

XL (1) AT TC R WALAL B, & L, - L, =

1 e
x’LZ = ;yaL3 = ’Y]Z,T = rt 9m\u$%g!<1>ﬂ‘%/f’t
2 1

@)

N
dxd(tt) =_x+1y+z
dyd%:ax—by+c (2)
% = ks - 2y

Horp, (o) ,y(0) A 2(e) 73 HRER AR A B 20
JHEL SR EEL 4 R A A I 22 ¢ B L X

A
@ b=250c=250kr=22>
Ay Ay Ay Ay

O, 735 Ay i Jed 4 X B 8 2R 8 114 K R A 3T A%
B, Ly MRS ST e R U IR M i Fe) A A
R TEE 240 P R R B R

RGE(2) AFAE I

El(xl* ,9’1* ’Zl*) = EI(O,%9O) ,

e bk — bk -
EZ(xZ »Y2 5% ) = EZ( a csk’ak —bkc'l' C) °

AHMEHIWT, B, 2T -, E, A
M.OE SEBhrhoAl DLAEAE, HOE, HA Y
max{0, (b - a)k}< c < bk I Rl BEAETE.
HIFFERGE(2) TS E T, $ R B8 (2) £ S 30
TP s BT A TR MEAL , FORE W] LURE G R -

_ L Y
lL+z (1+2)°
I = a -b 0 3)
0 -z k -y
AH L RFIE T A -

D(A) = |J-AI|=
aA" +a A"+ +a, A +a, =0 (4)
A, a, (0= 1,0, n) WFFAETT R A0S B 28 %8,
no=3,a, > 0,4;,4,, A, NITRE(4) HYEFAE(E.
XFH— AP L, 5 FE(4) AT AL
TRER



58 /S B |

I

2022 4E45 20 3

ag)> + aA> +a,\ +a; =0 (5)
/ﬂ\:[:fj’ao :15

a, =b+1+%—k,

a; =c - bk,

b+c+%—bk—k,

a,
WA A, = a :b+l+%—k,

A, = aja, —aga; =

(b+1+%—k)(b+c+%—bk—k)—

(¢ - bk) .

4 Routh-Hurwitz J38° AT #5, 2% A, > 0,

A, > OB, P75 E, FE. B e, (0 = 0,1,2,3) R
A A, FTA, 155

¢ >bk-b-b
{ 2 (6)
Aic +Bie+C, >0
Hrp
A =(b+1),B, =b +2(1 —k)b” +
(1 -2k)b
C, = (1 =k)b" + (1 =2k+E)b +
E(k -1)b".

EERIb>0,4, =(b+1) >0 ,H,5(6)
IS ZAAFERAW ¢ < die > ¢, Hi

- B, - /B: —-4A,C,

¢ =

24, ’
_ =B, + /Bl -4AC,
c, = 24, .

i W, e ROUE, 7 &5 HT LT, 153
E, JRyEREiiEAs g AT -

¢ >bk—b —b
_ B, + /B —4A,C, (7)
¢ > 21,

ST B #r, A A Runge-Kutta J5 3 %)
B REPEAR Y (2) 2E4T BOIE A UL B8 UE 4598 1) TE
P (B MR B A B, I L A I © S s it
FrBif, wTRIG  P(L,1,1) BRI 5
HNa=0.9,b=0.6,c=0.6,k=0.8 N RGN
K BE AT T — S FEE B oMo - i E, (0,1,
0) Uil 1 Bz L B Bt FfJag 200 e ) 346 B 25k 21
0.8, JuE RGLH 60% A HEARAML L LITE BR T A 14 fi

TR , B2 NS B A, BN O AR, R
BRI L A A e R AN

initial point P(1,1,1)

K1 ER/HHAE,Hae=0.9,0=0.6,c=0.6,k=0.8
Fig. 1 Phase diagram of E,for a =0.9,
b=0.6,c=0.6,k=0.8

XA E,, 5 E, it BE2R L,

B2 S
max{0,(b - a)k}< ¢ < bk

{b > b,
I, - 5 E, A H Rl ke . Hrr,

b - - B, + /B, - 44,C, A=k

24,

B, = ac —ak’ =2ck ,C, = ¢ +a(k +1)c.

2 4T AR (8) T Y E, e M XA 43
TE T B B rp A AR I 5 A 300 22 g o R 4 3
FAAE, W EIRE E, AR E X N 2Rl HE A 4
A ERIATRE A 2RI T SR AL 2. R,
K3 %4 T oG sy P(1,1,1) BEAFRAERTT
1) =28 4 e AL T O

(8)

1.0
nonexistent region I
0.8f
stable region
0.6r b=clk+a
N b:b2
04F unstable region
b=clk
0.2f
nonexistent region I1
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1.0

a

K2 E WX, i c=0.2,k=0.6
Fig.2  The stable region of E,for ¢ =0.2,k=0.6



53 1]

i BH A — P BER — S BRI A B -5 BEBIL 0 A 59

AR A DR AR b CL 200 R e ) 39 B R AN
A8 Mla=0.9,b=06,k=0.8 ki&HREEL
BN, RGE(2) N (a) FI(b) i fa e R AT 2
(o) FIIATREIRES. ILAb, (a) HFRE S8 T
A5 W — A Fa R B BRI, 33X i B G005 2R G % i e
IARPLRE 58 , AN BB AL 4T 114 i Jd 4 i, f i
21 10 5 e g 20 L — ELAL T IR A AR A d 2 . 1
3z A MR AR . AT AR R BEE S e 1)
UBC/ 0N 9o 240 e 285 P82 AN 3, 30 B e 8 400 L —
FELET R I IEAE R SR FLEAL.

0.70

0.65

0.60

0.82 0.34

et 00
(c¢) ¢=0.06

K3 E,pAMK L, i e=0.9,0=0.6,k=0.8
Fig.3 Phase diagram of E,for a =0.9,6=0.6,k=0.8

2 FEYLAME - RRARE

2R A A P AP R SRR A 21k e 400 M A £
PEA N ME Gt 22 52 BRI REHL N 3R 10 R0, Ao
A 2 500 |l JRE | 3t S R A S, AR Y L
JE T ER IR /N LA 240 e B . DA, A
T — SR ARG L I AN AT R G Ml i 2 1 AL I
7 i R R A 40N R BT 1 B ML
v oA T e R T AR DR ER R e R ofe 1
Mg

ATAEREVEIE - SR R G LA b Rt
PRI A I REATLAIC Sl B Ak o AR HL ST 9 e 3T
Mg 2 AR BEALTE TR A = 4E R - S R
0¥

dx(2) yz

de __x+1+z+§°(t)
dyd%zax—by+c+§l(t) (9)
ORI

Hop mr s £,(0) (0= 0,1,2) W R {E R
(&) = 0, MRBEE R (L)) =
2D,8(t —1") IXH D, R & (1) MR TR

IR BEHLME P A7 A, (075 =2 4l i 25 B A
R I 4 Y A ot P vt LA AL, R TE S R
TR 2 E AT PR SR, 55 4h, B T BE AL
PERAATE , A OB F 2O e YR GE T I A
TS WS- 245 B 3 200 L 285 2 1) B AT Lk %
2.1 itoih

MO BB A B (2 Ly, 420 ) A
FEL 2 B 2 B2 I BERLIR S, 2 g = v =% % =y —
yios % =z -z RGO AR, 155

dx

dito =% +%x2 + & (1)

d

%:axo—bx, + &, (1) (10)
dx

PSR AC)

A& () (0 =0,1,2) AEBrEmss, Wl Az
' RS (10) WAL T FP 5 Fe



60 3 % 5 &FE Hl ¥ 2022 455 20 %
9 b-1 etk
Ep(xoﬂclr/xz’t) = <x0> = ¢ TB +02 me b

_ 9 < _ (x,) = cie™ +¢ce” +
a, (_’“0 * be)P]
c abe ef%
2 2
‘lif[(axo — bx,)P] - AQ,[(k _ g;)xzfq + (b" +bk —c) (b —c+bk)
0%, 0%, b o
(x,) = coe” 7"
. Dy P] Aﬁi[D P Aﬁi[D P
g Do+l DuPl 45 oD Hofre, (i = 1,2,3) BEEREOR B EDE.

(11)

A =GR E R TR fid T =284

HAEZS 18] P B MR A 1 L. TCi8 R W A ik

SERSAS AR, T R (1) R SR A — BOR Ui Al 2 A 5 1A
MERY. B R e A AR R ST

SCHR[32 ] 2R, RV v, ML RN
GEitHE Al L2yl A FP J7 Rt A i, B

<x:l> = Jj Jiwx?P(xo 21,25 ,1) dogg doc, doe,y

n=1.2,-

d(x!
dt

(12)

) _ ”’ij %P(xo,xl,xz,t)dxodxldxz

(13)
H. FP J5 78 rp =0 20 0 ) B 5 B P (g,
xz ’t) ‘Zﬁﬁ&

”Jin(%,x] %y ,1) dxgdr, dx, = 1

lim P(x,,%,,%,,6) =0

(14)

hm Bip(xo,xler’Z) = O’i7j = 0’1’2

Xx;—>*00 .
i X;

HFA(12) -X(4) Bt ARz
— WA, B E R AL o P (g%, ,2,,0) BOFEARA
A(13) Hn = 1 SE =AY, MR Al i =4
P BR RS 2 0 o T R

d<x0> c
di == <x0> + ?<x2>
d<x1>
= “xe) =) (15)
d{x,) c
T (k _f)<x2>

fiwie

14

—
S

S 4 =~
o o

first-order moments

N
~
T

02

40 50

El4 E —BKiE,a=0.9,=0.6,c=0.6,k=0.8
Fig.4 The first-order moments of £, fora = 0.9,
b =0.6,c =0.6,k =0.8

PIE R B LA P(1,1,1) S0 e B A ik ity 2k
4 B, Bl LAFE Y R S0 G0 B 240 1 45 i e
2R AEA BRS04 0T BB (] S8 3 ek 1) O,
{EUSCEA SR 2 A0 M e i - B N 1) 328 3 k1N 21 0.
ARTEA KR, A JI A B bk L 4 0 328 3 B, i A
IR 5 200 0 1 R S A A 5 4 T 2 6 S
4. SR B9 5 i, B8 AR 20 15 P 1 T UK
AN A T R T RE 1. U B R R 5
AR T A L A A PR A R, BT AL A
SR M T IR 4 A A R A I R S 2 MO A
WEEVEHT R B #iE T8 H B R 4.

F IR R ) L B = 2, A E) —
AR T 5 B T 22 T T 221 6 AN o T R -

dE,
? = SlEl + Wl

Hor

(16)



£33 2R P& — 2B B — e R BT A e M S BB LA AT 61
C
-2 0 0 0 24 0
0 -2b 0 2a 0 0
C
0 0 Z(k - ?) 0 0 0
S = (17)
‘ a 0 0 —(b+1) 0 %
C C
0 0 ; 0 k- -1 0
0 0 0 0 a k- % b

E; = ((xg),{x7),{x3) ,{xx,) ,
(a2, ) 5 (%,2,)) (18)
W, = (2D, ,2D,,,2D,,,0,0,0) (19)
SKAFZ TR, A 25 B v, (0 = 0,1,2) [ 2
R ZnE S frs.

1.6

14 i °

—
o)

—_
(=3

second-order moments
o o
(=2} o0

e
'S

T N e e

30 20 50
t
(a) Dy, =0.05

20

»
=

w
n

e
=)

N
W

»
=)

_H
(=3 [
S
29 N

N ..,

., "-.,'

second-order moments
N
~,
1

I
n

(=]

20 30 40
t

(b) Dy =0.4

50

BIS RIGAHREE Dy B, B~ B
a=0.9,=0.6,c=0.6,k=0.8,
Dy, =0.001,D, =0.001
Fig.5  The second — order moments of E,
with different noise intensities Dy, .
a =0.9,b =0.6,c =0.6,k =0.8,
Dy, =0.001,D,, =0.001

BS 25T =i i i i 7S A~ B 7 b 98 4
O fRlc PR 5 I 7 i J3E S 14 S i) 38 A 5 . T LA
NP SR /NG, BT, A ) Ik B 4 i
PSR AR BE A IhR — e 3R G 1 R s A
RN R B S B W T R B
NP SR, 224 e 40 P 35 1 T 72 i 2 5
B, =AMk Sh AS I RE S 3 K, R 5 S 4 i
Z IR SR IR BN, I b AR R KA. 1
HH B 35 L 77 S M 40 ) P9 2, e 5 g2
RGN 58 G IR AR, — AL FREE AR,

ER2 FIEE AP HEESE, (v, Ly, .5 ) F
FEL A1 0 23 2 O BERLIR IS . 2 v = v — %) Ly =y —
Y, v =2-z RGO ERSMEE (%, ,y, ,
2 ) MHEZRPEAL, MLk P R G A N

dy, bk - ¢ (ak — bk + ¢)*
A ==Y t ak Y+ ok ¥, + 4o (1)
dy
ditl = ay, — by, +{,(1)
dy, ¢ — bk
W ak bk st HEW
(20)
Kb (o) (i =0,1,2) i MEss.
RGE(20) XN FP RN
d
Ep<y0’yl’y25z) =
d bk - ¢ (ak - bk +¢)?
L b ) Pl -
3%[( Yo * ok 1 2k )2) ]
9 g _ 0 c-bk
ayl[<a‘y0 byl)P} ayz[ak_bk‘}‘cylp} +
Fl Fl Fi
—[DyP] +-=[D,,P] + —[D,P]
Yo Y} ay>

(21)



62 g 1 ¥ 5 &

2022 4E45 20 3

Won = 1 SR 0TS FA) 40 i 132 4% {0 R R0 A2 -
dX

G = 6Xx (22)
Hrp
, bhme (ak-bk+o)?
ak a’k
G=|4 -b 0
O G Tiee O
(23)
X' = ({ye) (i) () (24)

LR R A it 2 AN 5] 6 Fr 7. S AEAR R,
AR I 4 4 R BT S B R 4R 7, Bl
] 3 I fe 28 T 0. v, iR 46 if 52 R b

S
——
......... Y,
w)
5
g
Q
g
5
2
9
@ H
& 10
-1.5H
205 50 100 150
t
E6 M, a=0.9,b=0.6,c=0.2,k=0.8

Fig. 6 The first-order moments of E,for a =0.9,

b=0.6,c=0.2,k=0.8

Feorfe QD) ARAKX(13) 324z v, (i = 0,1,
2) 196 B TR

SR AR IR IR SR, B 5 2 BN O i T4 dE,
E = SZE2 + W2 (25)
Hrp
_ _ 2
_5 0 0 2bk -c ak l;k +c) 0
ak a’k
0 -2b 0 2a 0 0
c — bk
0 0 0 0 0 zak - bk + ¢
S22 bk — ¢ 0 (b 1) 0 (ak - bk +¢)> | (26)
ak a’k
(ak — bk +¢)*? c — bk _ bk - ¢
0 0 o’k ak — bk + ¢ ! ak
c — bk
Ok bh+e 0 0 “ -0

E;, = ({y0) )20 s oy ) s
Yo¥2) s $y192)) (27)

W, = (2D, ,2D,,,2D,,,0,0,0) (28)

K7 258 1 E, b i) — Bk b A= o 135 1 722
. 3% B I — A A R A 4 SR, B R 4 i T
VMRS R B RIS, IR 2 5 I AR R0 i 8l , T 92
AR LT3 e gl X R Ol Ul B, 76 MR — LA
FERARASTT , 40 M 5 5092 20 i A 55 4 IR
TR X 240 e 1] ) 6 722 S M 5507

TREEN Y 0k — ¢ = 0 B, P E, (%, Ly,
z, ) Wx, 5z, B8k 0. I, R e gse 200 i
55 IohgE 2 LS ANAEAE V- E, AR E, .

I, 45T ok EREFTA IR E, A M
2.2 HBMESN

AR, Gy 2R G T JE A0 B 1) AR SE IR A
JEAY B BRI B HAAUER T T BB E BN
ICECRE ELAZ R M 1 R 2 15 RE S A5 2 2 . TR e X
IR 5 AR B S R DHE IR - S &
G rh A5 2R A0 A AR S RN S BB ) SRR AL

U A BoE SLnE
dlnM. oM.
(p) = = |2 20 (29
AP dlnp M, op )

Horp, Mi(0 = 0,1,2) FORME - RIERG P
PR RS(E p Fm R RS R



5 3 1 2 PSS 2P B — S Y E M S BRI A 63
35 S PRI Ay et R B 1) A It L2 A L e A ol B A 2
0 e yoyl AREETN LY AY ~, -—;l'A >, —
el ) o | T3 A 20 i, O PR AR R L A A L
L s ] o Vs
5 2 -y Al ZHRHUI R A0 M. XA AR v, S 41 R 4
9] 2 . e
E20r % MAERc: AR, B T 24 e
S 1A RN = o mme e =
Buisp [ N S TN 10 : : : : : : :
2 \N/ —8— X
g 1o | h
g l' 8r .
St 2 %
J 8
S PPN S PP D .8
0 5;:-3 6+
0 10 20 30 40 50 2
t 24
(a) Dy =0.1 Z
2
35 4 :
I — ) == e
o e 3?2 vy 0 aethigheonosttT | o
2 o5t ‘ e 0 0.05 0.10 0.15 020 025 030 035 040
£ y -- % 2 c
g20r 4 Y i
5 L i i B8 =T RN R IER ¢ I BRI
B[ 4 &7 @=0.9,b=0.6,k=0.78
"é 10 ’, Fig. 8 The sensitivity of three cell phenotypes
§ ! on the parameter of killing rate c.
2550 a=0.9,b=0.6,k=0.78
0 ‘-’... jaaRlzzyers
R 3 g
0 10 20 30 40 50
t 2 =)
o ARG T 5071475 1 FT T 69D B

B7 E, =K, a=0.9,6=0.6,c=0.08,
k=0.8,Dy =0.001,D,, =0.001
Fig.7 The second — order moments of E,fora = 0.9,b6 =0.6,
¢ =0.08,k =0.8,Dy =0.001,D,, =0.001

FERIR 5 e RGERTE S O R, bk T 4
AR IER R NE— D BRFEM S, J0E T
PEE FR G0 2 A REAS A 00 AR P 240 L, - i e 9 1
KRR HL B, X B R B H A RIERSE ¢ Xt
BOARSEE, Bgm M, = M, =y,
M, =z HAKX)H
s xi(e) =0,

C

bk - ¢

Xo(e) =
- <bk_c><ff_bk+c> (30)
BRI, B 8 25 T 55 /N AME E, BT =% 4 g
RRISARICR A BURPE R, iTLAE M3 «,
b,k FEER, BEE ¢ WIBGIN, 55— K B 02 240 i A i
I8 20 L AR BB AR T S8 ¢, FF R AR L R . 2
T B AN M A BB R EOh 0, RPN Al Ak B 4
U %5 5 A R ). X AUER R Bl £ 1 R R
OAKEFNWT , YR FEFRIE— A G, e 20 %%
JEE I AR S IR EEL 200 ) 225 g i B M AR S8

x:(c)

— SR A MR Xof i PR P AR S i Y 3 )

PEBCHEAT T o0 Ay . 25 3 40 R B ) R 4
ARSI e 0T R P 5 | AR TR, 5 1 B 22 7 B
1 EP Jr R4 T REALIM R S B R 20 i Fr) — i A
B, JEHe 1 A Jr 2 AR R B
PRI I3 W W 7 2 eSO S e AR G0 I Jed 4 L 1)
BRI 25 7 i B BRI, Tl 4 i 5 ) 2 5
AR R MR, HL 2 B A A I T A ke A Sl 0 A, i
TR G AR I 2 18] 14 ) 4 B I A SRR Bk ]
it yed 240 X S e BRGNS R SR ¢ IRBIURK. B
A BTV BUE T 20 4l R A HER .

Z % X W

1 Freddie B,Jacques F,Isabelle S,et al. Global cancer sta-
tistics 2018 : GLOBOCAN estimates of incidence and mor-
tality worldwide for 36 cancers in 185 countries. CA: A
Cancer Journal for Clinicians,2018 ,68(6) :394 ~424

2 Harris L A, Beik S, Patricia M M, et al. Modeling hetero-
geneous tumor growth dynamics and cell-cell interactions
at single-cell and cell-population resolution. Current Opin-
ion in Systems Biology,2019,17.24 ~34

3 Ansarizadeh F,Singh M, Richards D. Modelling of tumor



64

N

5 # il

7k 2022 455 20 45

10

11

12

13

14

15

16

cells regression in response to chemotherapeutic treat-
ment. Applied Mathematical Modelling , 2017 ,48.96 ~
112
Bellomo N, Preziosi L. Modelling and mathematical prob-
lems related to tumor evolution and its interaction with the
immune system. Mathematical & Computer Modelling ,
2000,32(34) :413 ~452
Sotolongo-Costa O, Molina L M, Perez D R, et al. Behavior
of tumors under nonstationary therapy. Physica D Nonlin-
ear Phenomena ,2003,178(3) :242 ~253
Kirschner D, Panetta J C. Modeling immunotherapy of the
tumor-immune interaction. Journal of Mathematical Biolo-
gy,1998,37(3) :235 ~252
Pillis L. G D,Radunskaya A. A Mathematical tumor model
with immune resistance and drug therapy :an optimal con-
trol approach. Journal of Theoretical Medicine, 2000, 3
(2):79 ~ 100
d’ Onofrio A, Gatti F, Cerrai P, et al. Delay-induced os-
cillatory dynamics of tumour-immune system interaction.
Mathematical & Computer Modelling An International
Journal ,2010,51(5-6) : 572 ~591
d’ Onofrio A. Metamodeling tumor-immune system inter-
action, tumor evasion and immunotherapy. Mathematical
& Computer Modelling ,2008 ,47(5-6) :614 ~ 637
Cattani C, Ciancio A, d’ Onofrio A. Metamodeling the
learning-hiding competition between tumours and the im-
mune system: A kinematic approach. Mathematical &
Computer Modelling ,2010,52(1-2) :62 ~69
Duan W L, Fang H,Zeng C H. The stability analysis of
tumor-immune responses to chemotherapy system with
gaussian white noises. Chaos , Solitons and Fractals 2019 ,
127.96 ~ 102
Rihana F A, Rahmana D H A, Lakshmanan S, et al. A
time delay model of tumour-immune system interactions
Global dynamics, parameter estimation, sensitivity analy-
sis. Applied Mathematics and Computation, 2014, 232
(1) :606 ~623
Subhas K, Nieto J J. Mathematical modeling of tumor-im-
mune competitive system , considering the role of time de-
lay. Applied Mathematics and Computation ,2019,340.180
~205
Dong Y P, Huang G, Miyazaki R, et al. Dynamics in a
tumor immune system with time delays. Applied Mathe-
matics & Computation ,2015,252 .99 ~113
s M, F IR EE A2l 4. — 2K EHL A Michaelis-Menten
TR 20 F) e R - S B AL Bl 27 G #r. B R S
T#£,2020,20(18) :7137 ~ 7144 (Zhang G M, Wang X
Q,Li J Q. Dynamic analysis of tumor-immune system
with inhibitor term of Michaelis-Menten type. Science
Technology and Engineering ,2020,20(18) .7137 ~ 7144
(in Chiniese) )

Cattani C,Ciancio A. Qualitative analysis of second-order

17

18

19

20

21

22

23

24

25

26

27

28

models of tumor-immune system competition. Mathemati-
cal & Computer Modelling, 2008 ,47 (11-12) ;1339 ~
1355
Guo W,Mei D C. Stochastic resonance in a tumor-immune
system subject to bounded noises and time delay. Physica
A : Statistical Mechanics and its Applications 2014 ,416:90
~98
Li D X, Cheng F J. Threshold for extinction and survival in
stochastic tumor immune system. Communications in Non-
linear Science & Numerical Simulations,2017,51:1 ~12
Liu X D,Li Q Z,Pan J X. A deterministic and stochastic
model for the system dynamics of tumor-immune respon-
ses to chemotherapy. Physica A :Statistical Mechanics and
its Applications 2018 ,500.:162 ~ 176
Wang C J, Yang K L, Du C Y. Multiple cross-correlation
noise induced transition in a stochastic bistable system.
Physica A Statistical Mechanics and 1its Applications,
2017,470.261 ~274
Guo W,Du L C,Mei D C. Transitions induced by time de-
lays and cross-correlated sine-Wiener noises in a tumor-
immune system interplay. Physica A Statistical Mechanics
and its Applications,2012,391(4) ;1270 ~ 1280
Xu Y, Feng J,Li J J, et al. Stochastic bifurcation for a
tumor-immune system with symmetric Lévy noise. Physica
A Statistical Mechanics and its Applications, 2013, 392
(20) :4739 ~4748
Li D X,Xu W,Sun C Y,et al. Stochastic fluctuation in-
duced the competition between extinction and recurrence
in a model of tumor growth. Physics Letters A,2012,376
(22) 1771 ~1776
e BTG A G M U T XA S Duffing-Van
der Pol GBI 22, 2l )12 5542 2412, 2020, 18
(4):12 ~18(Liu K F,Jin Y F. Stochastic bifurcation of
bistable Duffing-Van der Pol system under related white
noise excitation. Journal of Dynamics and Control 2020,
18(4) :12 ~18(in Chinese) )
WIMRIE, B RS T MR RS AR TR A
AR GRIBEHURSE PERTIT. 3 722 15 #5244 , 2020, 18
(6):38 ~48(Hu D L,Huang Y. Study on stochastic sta-
bility of two-degree-of-freedom system under the combined
action of harmonic and Gaussian white noise. Journal of
Dynamics and Control,2020,18 (6) :38 ~ 48 (in Chi-
nese) )
Rescigno A ,DeLisi C. Immune surveillance and neoplasia-
I A two-stage mathematical model. Bulletin of Mathemati-
cal Biology,1977,39(4) .487 ~497
Liu D,Ruan S G,Zhu D M. Stable periodic oscillations in
a two-stage cancer model of tumor and immune system in-
teractions. Mathematical Biosciences and Engineering,
2013,9(2) ;347 ~368
VB8 55 . IR0 7 7 SR IR BRI 5 B AU 1o
drE e 3] B AR I 5, 2015 (Pang LY.



53 1] i BH A — P BER — S BRI A B -5 BEBIL 0 A 65

Researches and numerical simulations of mathematical 30 XISRIE, # gtk JELtksh e db . B &HH B

models on tumor therapeutic regimens [ Ph. D Thesis ]. #1:,2004 (Liu B Z, Peng J H. Nonlinear Dynamics. Bei-

Wuhan; Central China Normal University, 2015 (in Chi- jing : Higher Education Press,2004 (in Chinese) )

nese) ) 31 Bashkirtseva I, Ryashko L. Analysis of noise-induced phe-
29 R LM RGN R E M [+ 2608 nomena in the nonlinear tumor-immune system. Physica

. PUE . PG Tl K2 ,2020 (Meng Y Q. Stability a- A,2020,549 ;123923

nalysis for some tumor systems | Master Thesis |. Xi‘an: 32 Pei Q M,Zhan X,Yang L J,et al. Fluctuations of cell pop-

Northwestern Polytechnical University, 2020 ( in Chi- ulation in a colonic crypt. Physical Review E, Statistical

nese) ) Nonlinear ,and Soft Matter Physic,2014,89(3) :032715

DETERMINISTIC AND STOCHASTIC ANALYSIS FOR
A TWO-STAGE TUMOR-IMMUNE MODEL "

Li Mengyang Li Wei’ Huang Dongmei  Yang Guidong
(School of Mathematics and Statistics ,Xidian University ,Xi’ an 710071, China)

Abstract Based on biochemical characteristics of lymphocytes in immune responses, the competition between
tumor and immune system should be divided into two stages,namely immature lymphocytes which are incapable to
kill the tumor cells, and mature lymphocytes which can effectively kill the tumor cells. Therefore, the evolution
law of the two-stage tumor-immune model is discussed from deterministic and random perspectives, respectively.
Based on stability and phase diagram analysis, it is found that the tumor-free equilibrium point can achieve as-
ymptotical stability ,and the tumor can be completely eliminated. However, the tumor-present equilibrium point is
unstable. In this case,immune cells and tumor cells will keep competing with each other in the long run. Consid-
ering influence caused by the microenvironment of cells growth , Gaussian white noise near the steady-state equi-
librium on the mean values and second moments of cell density are studied. It is found that the microenvironment
noise changes evolution of tumor cell near the first equilibrium,indicating that the microenvironment here is con-
ducive to survival and growth of tumor. The second-moment curves illustrate fluctuation of all the tumor cell den-
sity due to the influence of microenvironment. Comparatively , tumor cell density fluctuates greatly around the sec-
ond equilibrium, but it is less affected by the microenvironmental noise. In addition, both immature lymphocytes

and tumor cells are non-linearly sensitive to the kill rate parameter of the immune system.

Key words two-stage tumor-immune system, lymphocytes, Gaussian white noise, Fokker-Planck equation
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