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Fig.1 The displacement mode shapes of a dual of beams with different

cross-sections (solid lines: a=2/L, dashed lines: a=0)

HET™ B —JREIEBL.
2.1 RO EERIEBHTUHF

T4, HEEE 2 BT I [ - [ e T a, LA
FUREL 2 Aabn 2 PR BRI AL A (2 ) = Agexp (aw) ,
Hod Ap>0, =0 M H K e FF 0 1 i 8t A3
B AC0)=A, FIA(L) = Ajexp(al). FEEELE 2
Hid E - R FE b, ORI B () PRAOH 2 20
(9),Hp

BN AN Y Y _
Blo=yA(x)= = en(-a), (16)

WA - H B b 5 E - E a5
8. K FF b BARIC NAT o, BALRFT b #4719 XF
A5 B A d- A AT ¢ 50EE-FEFT a i8S
I XHE. T ¢ 7 2 AspR R P A AL

60N Y _A(x)
B(x)=B(L x)—pEA(L)exp(ax)— 5 g
pEAA(L) (17
= >0.
Y

X R ¢ FIAT a BAFHALA A m AR AS fL R
HEFIULERE /B A HAT o METE RSV B 11
F - A AT d, U d FIFF e AR, FA A I
AIRDN. BE, B E-[EE AT a 5 A - A AT d
BATAR AR, i T B E-EE a 5 Hb-A

HIAT d HAT AR R A AR, SR e AT 1o (Rl i X 1 (a

dual of identical cross-sections).

3
A(x) = A,exp(ax), 4,=1, a=1/L
2
y fixed-fixed rod a
04 1
Y x/L 1
3
24 B(x)= 1§‘, exp(—ax), B{, =Y -1
PEA,
1
0 free-free rod b j
Y x/L :
34
2 1§(x) = éo exp[-a(L—-x)]= ﬂ
14
0 1
Y x/L :

P2 [RIAAE A B S -5 E AT a,
- H A b BIBHRHT o i B e Eon te
Fig.2 A comparison of cross-sectional areas among fixed-fixed rod a,
free-free rod b and its mirror rod ¢ under the dual condition

of identical cross-sections

b T A A R 0 [ - A
SR TR 285 4ty HE A 15 i

/ [E
wr:c() I:Kr2+(%)2:| 7COE ;’ Kr:r:’

(18)
u,(x)=a,exp( —%)sin(&x) ,r=1,2 -
FH A B H P 4R
ou,(x)
Ox

N.(x)=FA(x)

(19)

=b,_exp(%) [ k,cos(k,x) —%Sin(er) 1,

b =aFA,, r=12,
AR [ - B E T a 5 H - 3 AT b AR i S 8 T %
i, H-A AR e AR (18) T o,
r=1,2,- $:0(19) 158 H - A A b AR 4R
B () S FEAR AR x ARBH L (BT o 0N
—a) B HBRFT ¢ BIAFEIRAY
a,(x)Zb,exp(—%)[Krcos(er)-i%sin(er)], (20)
r=1,2,--
BKIESE H - AT a QS RAL .
3 gy th B E-TE E A AT A - A AR
=B e TR R IH — LR AL Horp S0 2
o=2/L WS EAT IR AL LB AR AEXT R, B Ry ik



5 2 1]

WA < AR A IR 3h T B X G & 5

AP S b Ze b Vo275 (e8] 3 e 2
o= 0 ISR AT A PR 2, B AT T BLAT SR X PRk
B SR ARIE.

0.0 0.2 0.4 x/LO.G 0.8 1.0

Fixed-fixed rod a

0.4 x/LO.6 0.8 1.0

0.0 0.2

Free-free rod b

P03 (w4 o (AT 1 3 A% I A
(%2 .a=2/L, % .a=0)
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DUALITY RELATIONS OF RODS IN NATURAL VIBRATIONS*

Hu Haiyan"
(MOE Key Lab of Dynamics and Control of Flying Vehicles, School of Aerospace Engineering ,
Beijing Institute of Technology, Beijing 100081, China)

Abstract The paper deals with the dual problem of a pair of rods made of a linear elastic and homogeneous ma-
terial in natural vibrations. That is to answer what kind of cross-sectional variation and homogeneous boundaries
the two rods should have so that they have the same natural frequencies. Based on the dual of displacement de-
scription and internal force description, the paper presents the cross-sectional variation and homogeneous bounda-
ries for a dual of rods with different cross-sections and the classification of all rods, including the dual of a fixed-
fixed rod and a free-free rod and the dual of a fixed-free rod and a free-fixed rod. The two rods in a dual have the
same natural frequencies while their displacement mode shapes are the position derivatives of each other. Then,
the paper gives the formula of cross-sectional area for a dual of rods with identical cross-sections. In such a case,
a fixed-fixed rod and a free-free rod are a dual while a fixed-free rod and a free-fixed rod are a pair of mirrors.
The rods with uniform cross-sections have the above dual properties by nature. Finally, the paper extends the
above studies to the dual problem of a pair of arbitrary rods with both cross-section and material properties varying
along their axes. The conclusions in the paper hold also true for the duality relations of circular shafts with homo-

geneous boundaries in natural vibrations.

Key words non-uniform rod, uniform rod, dual, natural vibration, mode shape of internal force
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