o517 455 5 W 2019 4E 10 A
1672-6553/2019/17(5)/446-7

¥ E®EHF R

JOURNAL OF DYNAMICS AND CONTROL

Vol.17 No.5
Oct. 2019

"X ¥k %8

Birkhoff F &~

Rew’

CRMEHEA: SRR, JiM 215009)

FEE  WI5T3Z30 Birkhoff RGLMEUN S 43 ()R, N7 B S PR A3 BN I 058 1T L4049 3238 Birkhoff
LSRG, 45t BAT X PP BB 85355 T B9 43 B8 Hamilton 75 FE I B0 Lagrange 7518 85 , 1918 X
S EBT Lotka-AE AL IR BRI L3 2L Fr Hojman-Urratia B4,

K@i RGO R T, AR,
Dol: 10.6052/1672-6553-2019-057

51

i3

AP RGP FERLTT , Riewe " 7E 1996 4F5]
AT 80 S IS o B Oy T B i oY R R T
/2 (£) Riemann-Liouville T EL m%%&[z‘ﬂ ECH)
Caputo S BN SR .Riesz-Riemann-Liouville 43
B F Y | Riesz-Caputo 23 BB T 50 KB A
S S O 2010 4F ) Agrawal P g5 T — 2
B RN ST, FR O A B A 5, LT 4 )
18y DO 73K 5 R AR ).

Galiullan' "' 8% 45 1 | Birkhoff J3 2% 22 PLAC 4> HF
J1%4 WY FEEAF5EJ5 17 Z — . Birkhoff J72% b, Hamilton
JIEE Y HE 2w TR 2 a0
T, Zhang''* £ T Agrawal $2 B9 50 B 00> B T
WHFE T 3 KL Birkhoff F 4E #9728 73 [A]A, #5714
IV HYE Bl o3 O .

338 Birkhoff R GEIY I H] L Birkhoff R4 H )™
2 e, %30 Birkhoff JFREA )T NI, A BY T
Ab 3 | e L LR, T B FE RO WY 2 R
4, 3238 Birkhoff Gt B 05 . % 5230
Birkhoff & 48 19 #F 5%, € 78 Lo 71 | % &
PEVSOT BRBE Y PR b B SRR
B M S B

T, B T Riemann-Liouville 735 S %X, 47
B 32 38 Birkhoff 2 4t 19 Noether X FR 4 5 5F 185
T R 145 Bl 5 4 PO AR RS B A F SR

2018-06-08 W FN4E 1 i ,2019-04-05 W E & e f.

SR 230 Birkhoff J5 2

ARSCHIE T Agrawal 1953550 B i 43 58 -0 52 A2 30
Birkhoff R4t , HEL ) LA 3238 Birkhoff 77 2.

ARSCEERLHE T 5 5, 8 A B S A
TE R SR 5, HE ST ELAT 43 B 3oy 3 11
I Ay 3% 38 Birkhoff 7 #2 , Xt HAg 9] 471
W R, 45 A S BB S A 150 I 45 SR iy 1oz

1 SHHSBEEMER

X ] 5 [ - B S B SR R S T
PRAIE S % 3CHR[12,16].

PREL £(t) W/ (£7) Riemann-Liouville 43~ % By
SH e (47) Caputo 73 BB 5 %4, Riesz-Riemann-
Liouville 734 S 201 Riesz-Caputo 43 5L b 5754 43
Iy

d\"
ELDflf(t)= F(nl—a)(dtj L (t = &) f(&)dé
(1
R _ 1 d\"m nB-1
MAO= ropl ) | 0o
)
, ‘ d\"
O K NG
3)
. 1 A"
CDif() = WL (& -1)"* (_dfj f(&)dé
4)

# [E 5 HRFF I A B H (11802193, 11572212) , VLIRS ton S5 2445 1 SR B2 3 4 W B0 B ( 18KJB130005) , VL7145 BUR BA 2% 56 4 % B3
H , IR B R 2RI 254 % BhI5 H (331812137) M i MM B K2 [ SRRl 564 W Bl B

+ M HAMEH E-mail ; songchuanjingsun@ 126.com



55 ] Rflett . ) S BB 3230 Birkhoff J5 447
= s () [l e O =PRI
1
(5) F(n—a)(dtj f(t_” r)dr
0= sl e () e = D) (16)
By f(1) =K, “D"f(t)
(6) 1 W d
Forft T (%) & Gamma B4, o 8 S AP 40T S ALHG B i vesn RUSESS a[jfhmf
B ,n—-1<a,B<n,n NI —lef(t) (17)

PR T K E S
Ky (1) = kauTyuﬁw

of k(o) dr
= Kf(t) (7)
Hop o <e<t, ,P=<t, 1,1, ,p,q>FRNSEE pgh
SR« IR k(o) B R (7, 0) BRI T2
B B
M K e X1
Ki(f (0) +£,(1) ) = Kpf, (1) +K3f5 (1) (8)
Kpf(1)=pK5 f(1) +qK3 (1) (9)
Hp P=<t,,t,t,,p,q> P, =<t,,t,t,,1,0>,
P,=<t,,t,t,,0,1>.
TEN AT BT Ay F B SR
AL ()= DK (1) = Apf(e) (10)
B, i f(0) =K D"f(1) = Byf(1) (11)
Hrp D B4MPIR FH T n-1<a<n,n NEH,
P=<t,,t,t,,p,q>
Ap(fi(0) +4(2) )= Apf, (1) +ARf5(1) (12)
Bi(f, (1) +£,(1) ) = Byf, (1) +Byfy (1) (13)
BT A5 A By B R AR AR

[Cemna = (- 0" [ roB. g +

3 (DY > ()
[Cewmira= [ fomgwa
3 (- A (D

(15)

Hr P=<t, ,t,t,,p,q>,P" =<t ,t,t,,p,q>,n—1<a<n.

Mk (t,7)= (t-1)"/T (), k,(7,1) =
(r=0)*"/T (o) B, W] AR JL B, 2§ P=P, =
<t,,t,t,,1,0>0F A

M P=P,=<t,,t,t,,0,1>0F A
Ap f() = D"K}, °f (1)

1 -a-1
F(n/_(1>(dtj [F¢r = ipenyar
- )" YDif(r) (18)
By f(1) = pz“Df(t>
1 o (A"
=F(n—a)f;(7_t) (dtj fr)dr
=(-1)"/D ?J(t) (19)
M P=P,=<1,,t,1,, ? ?>EI]L H
Ap f(1) = D"K}, °f(1)
1 -a-1
2F(n—a)(dt] f (=) fr)dr +

1 -a-1
2F(n—a)(dtj f (r =)™ flr)dr

= LD + (= 1) D]

= 3 Dif(1) (20)
By f(1) = K, " Df(1)

mf (t—’T) e 1[ jf(’r)d'r+

mj (T —l> e l[ tj f(T)dT

= LD + (= 1) D)

=" DLf(0) (21)
Bl 22 (£) Riemann-Liouville 7350 Br S50 &£ (F)
Caputo BB 580 Riesz-Riemann-Liouville 43 [y
FHUFN Riesz-Caputo 53 5B T 502 43 BB 134 03 5
F A3 Fl Bj, (5.

2 X5 ¥ iE Birkhoff T2

Tﬁ%ﬁﬂﬁ?ﬁﬁﬁlmﬁﬁﬁ? As H1 By ST
T~ S 5238 Birkhoff J7 2.



448 B hoE s

oM 2 2019 555 17 %

21 WEETF A I XAHE 518 Birkhoff 772

%1k
L Fy) = [CTR(1,a) - A0 = B1,a") +

F,, +d"]di—ext (22)

v il ) SR SR AR A 0
SApa" =A%a’ (23)
6’| =da'| =0 (24)

1=t

B(t,d") & Birkhoff PR, R (t,a") ,v=1,2,-,2n
J& Birkhoff PR, F, ,u=1,2,-,2n R X J1,8
FORERAE Sy n—-1<a<n.

il (22)#

_ i aRv
BJA - J’l aa”

R, - 8A%a" }dt =0

9B
At -+ FA”J Sa" +

da
(25)
Hirp i (14) (23) (24) A 15
| :21{1, - oAgade = | ZZRL . A%Sa’ds
= ["sa" - By R i +
g

R, - A8’

)
t

= [‘sa’ - By.RA (26)
3l

EfAERER S, E(14) 1, B4 n=1, 1A}, 0<a<1.
#X(26) 1A (25) AT 1%

2 aR” a v aB a
SJAZJ ( -A,,a _J-’-F@_BP*R
gl

da”
Satdt =0 (27)
i,
aR” a v aB o —
9d" * Apa —J‘FFA#—BP*RM—O,
wo=1,2,,2n,0<a<l (28)

TR (28) B HA 3 B o B A )T Uy
238 Birkhoff J5 7.

E1 k[ 16 1Y (40) F1(55) IR SR
fFn=1M0<a<l NS AB/EE A TS Xt T
FHocHEk[16] Ryt (68) ~ (73) LA

Bk (t,7)= (t-7)*"/T (a), k,(71,t) =
(7=0) /T (o) B, HSEE P B R HUE AT LIS
FIAFIE A 5380 5238 Birkhoff 5 2.

BR1 X P=P =<t,,t,t,,1,050 F

AL f()="2Dif(e) | By f(1)= = Dif(1) (29)

B (29) FRA TR (28) , 715
iR, OB
— Rpeg'——+F, +“D*R =0,
aﬂ

aaﬂ e a Aw ot ™ p

mov=1,2 -+ ,2n,0<a<l (30)
J7#2(30) Fk A B A 72 Riemann-Liouville 4> %% 5
B3 B 3238 Birkhoff J7 .

EH2 Y4 P=P,=<t,,t,1,,0, 150,

AL f(6)=="Df(1) , B f(6)=Dif(¢) (31)
¥ RA T RE(28) nT 1%

R

J.HLD(X :,~+ﬁ_F +CDaR _0
8(1’“ t lza a(l'u A et T Y

pm,o=1,2 - 2n,0<a<l (32)
FHE(32) #x A HA £ Riemann-Liouville 73 8B &
B KU 3736 Birkhoff 75 2.

1 1
W3 Y P=P,=<t,,,1, ,?,7>H¢,7ﬁ

A f(0)= [ DEf(1) , By f(1)="; Dyf(1) (33)
B (33) AT (28) H[ 45
iR, OB ‘
a ,u . 2DZa”—W+F1m—gLDf‘2Rﬂ=O,
a a
wow=1,2,-+ 2n,0<a<1 (34)

TR (34) ¥ B Riesz-Riemann-Liouville 734 ¥
SEY B 3238 Birkhoff J7 .
22 WHET B, I X5 ¥ =18 Birkhoff 772

%18
I Fo) = [ TR - B - B(1,a) +
F;ﬂ-a"}dt—mxp (35)

ol R SR P AL A% 3 R
8B%a" =Bida’ (36)
sa'| =6a'| =0 (37)

1=l

B(t,a")J2& Birkhoff PREL, R, (t,a") ,v=1,2,,2n
& Birkhoff @%ﬁéﬂ,F&’le,z’...’zn ﬂ?ﬁ}(j},ﬁ
FRFNAE ) n—1<a<n.

0 (35) 7%

o[ (oR,
81, = | Maa# .

I

=t

[¢% v aB
BPCL —g +Fﬂuj8a# +

R, - 8B%a’ }dz =0
Horpr hi5X(15) (36) (37) Al

1o . 1o .
[°R, - 8Barde = [ R, - Bisa'de
1 1

= [Tsa" - Ap. Rt +
g



55

RAGHE ) UAPELBY 5238 Birkhoff J7 72 449

Sa' - AS'R,

= [Tsa’ - 3R (39)
3l

AT RN, EX(15) 1, B4 n=1, 1A}, 0<a<].
B (39) 1R AR (38) AT 15

"2 aR’ a v aB a
8]B=J [ 'BP(L _M+FBM—AP*RMJ'
h

da"
6a"dt =0 (40)
E5]lid
K, B~ 2B ip, an R =0
da" PRy e
m,o=1,2 -+ 2n, 0<a<l (41)

TIFE(AL) B BA B 5 57 By 1) L)
KU A2 30 Birkhoff 75 2.

ME (t,7)= (=) T (a), k,(7,1) =
(1-0)“"/T () B, HSEEE P BASRIBUE AT LIS
FIARIE 738 3238 Birkhoff 77 2.

W4 Y P=P =<t,,t,1,,1,050F

By f(6)=Dif(e), Apef(1)=="7Dyf(1) (42)
P (42) AT (41) ] 15

R,

da"

woo=1,2,,2n,0<a<l (43)
JTFE(43) B oA HA A Caputo 43 B T B0 43 58 o
%38 Birkhoff J5#&.

BRS X4 P=P,=<1,,t,1,,0, 150 FH

By f(1)==;Dyf(1), Ap f(1)=":Dif(1) (44)
B (44) IRATTRE(41) Pl 15

R, 9B RL

</ Dla'+——F, +' DR =0,

da" 2 9t M ®

woo=1,2,,2n,0<a<l (45)
TR (45) BN BA A Caputo 43808 S50 7 B oy
%30 Birkhoff J7 7.

. oB
- “Dfa'——+F, +""D*R =0,
da*

Tt t P

1 1
2 A
By f(1)=", Dif(1) , Ao ()= Dif(1)  (46)
K3 (46) IRATT R (41) ol 15
oR

v v 8B
— Pt —+F, ~*D*R =0,
da"

aa# 11771y Bu 17

wow=1,2 - 2n,0<a<l (47)
JIFE(47) B E A Riesz-Caputo 43 50 B 555011 43
BB 3230 Birkhoff J5 7.

E2 0 J7RE(28) RO AR (41) AL LS

BH6 Y4 P=P,=<t,,t,1,,

RARS XS F,=F,,=0,u=1,2,- 20, WHJ7
FE(28) R AR (41) FrfsR4s R 5 SOk [ 16 ] LAY S,
H—Hum.

E3 YR F, =F,,=0,u=1,2,2n
B, BT 11578 6 BT 45 L 5 SClik[ 10 HLAY
S5 — B AH AR SO 8 77 5 L STk [ 10]
e T 0 7 1 L

3 4541

5 Hamilton £ 4% Fl Lagrange & 4t It ik 3k,
Birkhoff REEH A iz, R, 76— 4 F T, /T ih
AR SCHY ARy 5 A5 B A 7 B ooy B A A
B 1943 %0 By Hamilton J5 2 F1 53 £ B Lagrange J7
.

BT M F,,=Fy,=0,u=1,2, 20, W
i (28) AT AR (41) AT A%

O, a8 _pe p _o

Y .

w,v=1,2 - 2n 0<a<l (48)
p,w=1,2, 2n,0<a<l )
TEAE ffi

q, m=1,2,--,n

a, = ’

g p#,n,/.,b=n+1,n+2,“',2n
Pust=1,2,:.n

Rf{ ) , B=H (50)
O,u=n+1,n+2,--- 2n

T, TR (48) AT fE
p*Di= 3, s Apq; = ap, ’
i,j=1,2,-,n,0<a<l (51)

FTRE(51) BN EA B0 5 AL 535
Hamilton J7 2.

FEAR
pi:W, H=p,Apq,=L(t,q;,A}q;)
(52)
T, TR (51) Al 1R
aL(t,q;,A%q;) B IL(t,q;,4%;)
aq, . 9A5q, ’
i,j=1,2,,n,0<a<l (53)

TiRe(53) B BA S B o 5 AL 1 B



450 B hoE s

2019 555 17 %

Lagrange J7 F£.
Ko, 78 (50) T, th 2 (49) T 14
. _ O0H(t,q;,p) _0H(t,q;,p;)
pePi== 3, s Dpq;= p.
i,j=1,2,--,n,0<a<l (54)
iR (54) B BA 3 B0 oy 551 BY B2 B
Hamilton J7 2.

’

TEAS
pFW, H=p,B}q,-L(t,q;,B}q;)
(55)
N, R (54) AT 4%
aL(t,q;,B5q;) AalaL(t,qj,B‘Eq,):O
aq, P daB}q,; ’
i,j=1,2,---,n,0<a<l (56)

JiRE(56) Fr 0 HA 28G5 B B9 KUy
Lagrange J7 F£.
Ea iR (56) HIChk[ 12] AR —2

4 NMA

B 1 Lotka-ZE AR FHEAL N [y Birkhoff pRi%L
1 Birkhoff pRELLL 5351k

B=a,a'—a,a’ B, expa’ +B,expa’

R, = —ia2 , R, =Lal

2 2

RENT A BN BT A 1) U9 Lotka-
A AR B,

H 7R (28) n] 145

(57)

1 1
?Agaz —a,—-B,expa +F +7B‘,§* a’=0

1 a 1 2 1 a 1
—?APa +a, 46, expa +FAZ—?BP*(I/ =0 (58)

TR (58) N EA BN H T AL T L
B Lotka-A: fb 4R 115171,

M P=P =<1,,1,1,,1,0>0f, l1z(29) fil
(58) A%

1 1
—fpeg? -a,—f3, expa1 +F, -

ot LLD:XaQ:(),
2 1 20 7

1 1

- ?“}] Da'+a, +B,expa’+F , +3ng '=0
(59)
T2 (59) #x b 2 A 22 Riemann-Liouville 43 £ B &

BT LA EIBT Lotka-AE AR 115874,

M P=P,=<t,,t,t,,0, 150, R (31) FI
(58) A 14

1 N |
—?H],‘thaz—az—[%expal+F41+?f‘]Dt =0,

1 RL

7 '
FFE(60) Fr K B A4 Riemann-Liouville 73 5 fr &
BN LB Lotka-AE AL iR T4,

I 1 . )
%’l P:P3:<tl,t’tz’f’?>ﬂrj‘,m£ﬁ(33)iﬁ]ﬁ

1
Df‘zal+a1+[31expa2+FA2—?,ClDf‘ '=0 (60)

2
F£(58) Al f+
1 o 1 o
_?:Rlthaz_az_Bzexpal"'FA]+7R:,C1D:,2 220,
| 2 |
_?lefza +o, B3, expa +FA2—? ,ID,2a =0

(61)
FHRE(61)# A EA Riesz-Riemann-Liouville 43 %% %y
SEET LA Lotka-A= AL 3R T 1,
ES5 MF,=F =00, HTFE(61) R EIRSE
5 ICHRI 10 ] LAY S5 R 2 — 2.
1 2 Hojman-Urrutia ;I:;EQELJ[”] i Birkhoff PR %K
FiI Birkhoff MR 43531

B= () 4267 ~(a*)],

R,=d*+a’, R,=0, R,=a"*, R,=0 (62)
S A B BT By BT LA Hoj-
man-Urrutia £ 75,

7 R (41) AT A

Fp-A%.a’-A%.a*=0, Bya'-a’+F,,=0,

Bya'-(a’*+a’ ) +F =A% .a* =0,

Bya’+a*+F,, =0 (63)
TR (63) 4 HA 7B o 55 By 1) X Kk
[ Hojman-Urrutia 1571,

M Pp=P =<t,,t,1,,1,0>0F, F13X(42) 5 A
(63) 115

Fut™Dia*+"D%a’ =0, D%’ ~a'+F,, =0,

iDfa'=(a*+a’ ) +F+" ' D%at =0

iDa’+a'+F =0 (64)
FRE(64) BN EA /. Caputo 4358 S AR ) L4y
By Hojman-Urrutia #5174,

M P=P,=<t,,1,1,,0, 1>0F, i1zl (44) fy
(63) 114

RLpye 2 _RLpa 3_p _Cpa 1_ 3 _
Fyp="Dja"=";Dia"=0, = 'Dia —a’+F;,=0,

0

2



55

RAGHE ) UAPELBY 5238 Birkhoff J7 72 451

~/Dia'~(a’+a’) +F =" Di'a* =0,

—/Dia’+a*+F ;=0 (65)
JTFE(65) A HAF Caputo 3B F AN X3
HBr Hojman-Urrutia A4,

1 1 .
M P=P, =<1, ,t,tz,?,?ﬂﬂﬂ“, 130 (46) A5

FE(63) M 15

Fyp=1Dia’~" Dia’=0, % Dia'~a’+F,, =0,

M Dla'=(a’+a’) +F = Dia* =0,

D a ' +F =0 (66)
T2 (66) Rk K E A Riesz-Caputo 53 B FE 0 T
SUAYEEBY Hojman-Urruatia #5781,

i*6 M F,=F,=F,=F,=0 08}, ij 7
(66) 132N A ZEH 5 SCHR[ 10 ] LA 25 12— 3.

5 #ig

ASCHESE T RA ST BB 5T AL A BG Y
I~ U 3% 38 Birkhoff J5 2 AE N4, #5817 B
4 72 (47) Riemann-Liouville 43 B 540 22 (47)
Caputo 734 T %4 Riesz-Riemann-Liouville 734 [
$ Riesz-Caputo 734 ¥ 5 44 1 73 £4 B 52 38 Birkhoff
Tk, VARBA B o BT AL R By B Y
Hamilton 77 B2 F13 449 Lagrange J5 2.

A BN 5 A R BS () SUAr BBy
3230 Birkhoff 72 /3% B Hamilion J5 1 K BA 5r
BN B AL 13 BB Lagrange J7 2 42 87 45
B HAE BN BT By I8 Lagrange 7
T Z A i 4 R e — 2.

YE R L, 3C St Lotka-E 6 #% 7 5 B A
Hojman—Urrutia*ﬁﬂiﬁﬁ?ﬁﬁ?f , SroNEES T B
WYy A B9 O3 E Lotka-AE AR 4R 145 Y
MEA BT FEF By B9 U505 Hojman-
Urrutia #8124 3% PSR BB AL I, rig 4 2R 5 2
HIC A 45182 — U,

SN A R B B G — M,
HEANTG— T 7 (47) Riemann-Liouville 73 ¥ &
B A (£7) Caputo 77 8 B % %X . Riesz-Riemann-
Liouville 734 S50 M1 Riesz-Caputo 43 (B 544, [A)
I, EA TR AT S AT, R e A &,
ZHUAE P S [RIIBUE TS 31 58 2 1) 45 2R

10

11

12

13

2 £ X W

Riewe F. Nonconservative Lagrangian and Hamiltonian
mechanics. Physical Review E, 1996,53(2) 1890~ 1899
Zhou S, FuJ L, Liu Y S. Lagranges equations of nonholo-
nomic systems with fractional derivatives. Chinese Physics
B, 2010,19(12) ;120301

Baleanu D, Muslih S I. Lagrangian formulation of classical
fields with Riemann-Liouville fractional derivatives. Physi-
ca Scripta, 2005,72(2-3) :119~121

Agrawal O P. Generalized Euler-Lagrange equations and
transversality conditions for FVPs in terms of the Caputo
derivative. Journal of Vibration Control, 2007,13(9-10) :
1217~1237

Almeida R, Torres D F M. Necessary and sufficient condi-
tions for the fractional calculus of variations with Caputo
derivatives. Communications in Nonlinear Science and Nu-
merical Simulation, 2011,16:1490~ 1500

JAHE, K3 B Birkhoff 45T Caputo FHUM
Noether XIFR{EG~FAE . 2 J722 54562242, 2015,13
(6):410~417 (Zhou Y, Zhang Y. Noether symmetry and
conserved quantity for fractional Birkhoffian systems in
terms of Caputo derivatives. Journal of Dynamics and Con-
trol, 2015,13(6) :410~417 (in Chinese) )

Agrawal O P. Fractional variational calculus in terms of
Riesz fractional derivatives. Journal of Physics A: Mathe-
matical and Theoretical , 2007 ,40(24) . 6287 ~ 6303

Luo S K, Zhang X T, He J] M. A general method of frac-
tional dynamics, i.e., fractional Jacobi last multiplier
method, and its applications. Acta Mechanica, 2017,228
(1):157~174

Almeida R. Fractional variational problems with the Riesz-
Caputo derivative. Applied Mathematics Letters, 2012,25
(2):142~148

Luo S K, Xu Y L. Fractional Birkhoffian mechanics. Acta
Mechanica, 2015,226(3) :829~844

Song C J, Zhang Y. Noether symmetry and conserved
quantity for fractional Birkhoffian mechanics and its appli-
cations. Fractional Calculus & Applied Analysis, 2018,21
(2):509~526

Agrawal O P. Generalized variational problems and Euler-
Lagrange equations. Computers and Mathematics with Ap-
plications, 2010,59(5) :1852~ 1864

Galiullan A S. Analytical dynamics. Moscow; Nauka,



452 g % 5 & 6 ¥ W 2019 555 17 %

1989 (in Russian) RS EHIZER, 2010,8(4) :297~299 (Cui J C, Mei
14 MR, $ 50 5 5Kk & 55, Birkhoff REGE3N J124. b, F X. Stability of equilibrium for generalized Birkhoff equa-
JERT B TR 2 kL, 1996 (Mei F X, Shi R C, Zhang tion. Journal of Dynamics and Control, 2010,8(4) 297~
Y F, et al. Dynamics of Birkhoff systems. Beijing: Beijing 299 (in Chinese) )
Institute of Technology, 1996 (in Chinese)) 23 HERH, R EAMH. | X Birkhoff 77 FERIBAE XK. BN
15 Santilli R M. Foundations of theoretical mechanics II. New 2FE AR, 2012,10(4) :289~292 (Mei F X, Wu
York; Springer-Verlag, 1983 H B. A gradient representation for generalized Birkhoff
16 Zhang H B, Chen H B. Generalized variational problems system. Journal of Dynamics and Control, 2012,10(4) ;
and Birkhoff equations. Nonlinear Dynamics, 2016,83(1- 289~292 (in Chinese) )
2):347~354 24 EBMG, BRI, By HiR)T X Birkhoff 45 HYET A4
17 H#RF. I~ X Birkhoff 245 /1%, b5 . Bl At Hr. 3 SR, 2016,14(5) :391~394 (Cao Q
2013 (Mei F X. Dynamics of generalized Birkhoffian sys- P, Chen X W. Singular points analysis for second order
tem. Beijing:Science Press, 2013 (in Chinese) ) autonomous generalized Birkhoff systems. Journal of Dy-
18 Kong X L, Wu H B, Mei F X. Variational integrators for namics and Control, 2016, 14 (5) :391 ~ 394 (in Chi-
forced Birkhoffian systems. Applied Mathematics and Com- nese) )
putation, 2013,225(12) ;326~332 25 Jia Q L, Wu H B, Mei F X. Noether symmetries and con-
19 Jiang W A, Li L, LiZ ], et al. Lie symmetrical perturba- served quantities for fractional forced Birkhoffian systems.
tion and a new type of non-Noether adiabatic invariants for Journal of Mathematical Analysis & Applications, 2016,
disturbed generalized Birkhoffian systems. Nonlinear Dy- 442(2) ;782~795
namics, 2012,67(2) ;1075~1081 26 Song C J, Zhang Y. Conserved quantities and adiabatic in-
20 Zhang K J, Fang J H, Li Y. Symmetry and conserved variants for fractional generalized Birkhoffian systems. In-
quantities of discrete generalized Birkhoffian system. Chi- ternational Journal of Non-Linear Mechanics, 20179032
nese Physics B, 2010,19(12) ;124601 ~38
21 Wu H B, Mei F X. Type of integral and reduction for a 27 Hojman S, Urrutia L F. On the inverse problem of the cal-
generalized Birkhoffian system. Chinese Physics B, 2011, culus of variations. Journal of Mathematical Physics,
20(10) ;104501 1981,22(9) ; 1896~ 1903

22 FE4H HERUEH. T X Birkhoff J7 F 1 -5 K M. Bl

GENERALIZED FRACTIONAL FORCED BIRKHOFF EQUATIONS *

Song Chuanjing'
(School of Mathematics and Physics, Suzhou University of Science and Technology, Suzhou 215009, China)

Abstract The fractional calculus of variations for a forced Birkhoffian system with two fractional differential
operators was studied, and the generalized fractional forced Birkhoff equations were obtained. Then, the fractional
Hamilton equations and fractional Lagrange equations with two fractional differential operators were presented,
respectively. Finally, the generalized fractional Lotka biochemical oscillator model and the generalized fractional

Hojman-Urrutia model were discussed, respectively.
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