517 5 2 W 2019 4F 4 A
1672-6553/2019/17(2)/121-6

¥ E®EHF R

JOURNAL OF DYNAMICS AND CONTROL

Vol.17 No.2
Apr. 2019

—KOBEERMETEZEWINNFITASH

AR FHE

AW

PR B SR B RABE, T 530004)

BT X2 b = B S A TR WESE T 0 B AR B 03 B (persistence) (ARG
P32 (non-smooth fold) BYFF 78 A5 AF Je— 2K it5 10 SRR . foc) , s it o 2 168 A A 1) o 33 SNl A 5 HE T

BR8N ZR G R YR B R
KR TERAHRS,
DoI: 10.6052/1672-6553-2018-062

51

i3

UTAEAR Iy BOLH &AM 8l ) A58 A VF 2
U, BIANALE AFE ] A2 Tl Mg Rge %
OB R Gt T A B 5y T B R U ROk
BN 2= () [m) R T 280 1 22 2230 X 43 W B 1)
2Rk R G0 AT W 5T T BUS R Simpson 45
NPAEB T — 2K P ok Br &k vk R G2k
Andronov-Hopf43 7 %514 ; Medrado E YN S 1]
B RG A R E R HE)TUER TP A Bk
P R Gu e BRIR Y ME— 1 ; Biemond 25 AV H T 4R
HE VA R 20 BT ) i A R B T . A B
ILPE RGN LR b O — 28228 P58 1 =B
MLk R G B 7 ARAE 2 AR A N ST
TR BEAT AN I 3 BOG i 2R G b i AR
Ao G KR 5 Llibre 25 AN BE B 17 3%
IR IR AR M — P 1) — Se B I ) 3 34 2y B
LRMEMSY RS0 Euzébio % N BT T IR AL 1 4
BN RS RIBRER 737 ; Coombes 1 i 70 Br 2k
PV TT LT 5T 1 A 4% B B Y il 22 1)
2R ARG E PR A ) L

T B RGO A WNITE ML, T2
T AR Tzhikevich BRIAH SRR, Soleimani '
FEH T =R Be R aE AT, I AR S B
[ I o) = b B 28 e AT 0 8 2 A RTINS B3R 22 3
TE LT 2 NPV Soleimani 45 H P43 B PR 25

2018-03-02 W HI4E 1 i ,2018-04-26 W B & i f.
s [ 5 [ IRBF: 3L 4 VB H (11372077,11602059,11872154)
+ iR E E-mail ; ligh@gxu.edu.cn

WFF R R, SN, R

JURAY R T TR IO M 2 5080 1 25 AT 5
Wiy, AR 23 2% o3 A WF 5 W v 3 ) 2R AT S i
s Ll W , I8 % 18 =47 Bt 1Y Soleimani £%
T ) ELAAR A3 3 25 A 0 J) S Rl Xk 2R 8 ] 300

UEZM. BIT LLAR SCEE XS Soleimani $#2 19 = 43 Bt £k
PERRZE TR 1 SR s AT 2B A
TEPAS U b 170 20 2R B AT e, e e i
MRS 2 8 ARG T A A AR AE SR O
M 2 205 1 — S 1 B TR S A ) A A B
JB A AR AR AR, ST R AN IR
i K AT X 2R 7 o ST P J S A9 i AR R AR 2
FRGEI (8] A 5200

1 HF&E
SR 16 ] R H A 40 AR

d
kL owhy [+ Lok, |k,

1
“_, (1)
dt—a VU

o 1A ANER v AR TR RRELAL, u AR K
AR AR B LI I O R S L Y
PTG %F v RO 5 o AT b SR H R, F R R 202
B k) ey ey MR 1H RE(EL B SCHR (4] AT, a, bk,
ky ks IRIEEC SAR 0 G AEAE PN BT 4 A
Yo=t(v,u) [v=—k, [ | FIX,={(v,u) [v=k, | 4
M =N D, = {(v,u) |v<—k, |,



122 NPT

oM 2 2019 4E56 17 %

D,=1{(v,u) | -k,<v<k,} ,Dy=1{(v,u) |v>k,].
2 FERSH

e B A DR AP 1 A PR T 2

#r I<ky—ky(2k, +b) , WIXE D, W AE7E VA 53
g= (7 PR e s e mie .
YTk +b7 2k, +b o
(2 AU KA P H A I A AR i 7 R R

A +(2k,+a) A +2k,a+ab=0

—(2k,+a) +/(2k,~a)>~4ab
2

i A = W

k,>0,a>0, PINMFRRAEME A TS0, Br DL B, 2
T ARE ).
i b=k, ( 2k, +b) <I<ky~k,(2k,~b) ,TE D, )
i 2k ky Ik,
P05 E, = 2kt k). ULEt E,
AR R R e M p AR . A AR R R E
A +ar+ab=0

S 22 =" a0 ng
B4 TS, T L E, SR fe e 1.
2(1)2k, <b, I>k,—k,(2k,~b), (2)2k, >b,
1<k, =k, (2k,—b) Hitp 22 — W57, WIXE D, A7 7EF-
k=T b(ky=1)
2k,=b" 2k,—b
1 by =1 B 2k, =b WS TE] (v,u) |u=bo w5k, |
THEILTFZAE, IR T AR e M i AH R YRR AE
A +( =2k, +a) A-2k,a+ab=0

(2k,-a) +./(2k, +a) —4ab
5 .

i Ey=(

A ALY =

TEDXCIE D, N T RER AR R & I3l 147 .Y
2k, =a,2k,<b B}, A7) =+6i,0=/a(b-2k,) . M-
705 E, W RER AL Hopf 437524 2k, =b 2k, >a , AV >0,
A =0, 2k, =b,2k,<a BF AP =0,157 <0, BEATF
i i By nTRER AT 7.

HT LB a2 b 3 A O R A e LU AR
PEAREMEANVEL S 1, BT LA R G0 Al s i 2 AL RNAS
PEASZ T s, AR FZAA TS5 a b A k.

3 nEsR

3.1 BRFERHE
A H (v,u)=v+k, H,(v,u)=v-k,, LA I =

B, RS FEAA AR MY, N
Y=t (v,u) | H(v,u)=0F1X,={(v,u) | Hy(v,u)=0}
I 15 R AT 5 IR 0592
eSi)

mxzﬁ)ﬁwzlimmﬁﬁ@.

MRYESCHR[ 18 ], FFAE G LSt J, (%, 1) fiff

F. (x,D=F(x,[)+J(x,)H(x,I)
fifs J(x,1)= (2k,,0)".

T x=x=(v ,u )" =(-k,,-bk,) ", I=1I =
—ky(2k,+b) +k, B x=x, = (v, ,u; )" =(k,,bk,)",
[=1] =k, ( 2k, +b) +k, T 30 553 2 554

(DF(x;,17)=0;

(2)H(x;] 17 )=0;

(3)F,; (x 1] )AL,

(4O)H, (x,I7)-H, (x ,17)[F F,](x",
[7)#0,i=1,2,j=i,i+1.

FRlhHE Y, b R A B oy 25 8 SN 4%
%1

. =2k, -1
N,=F, (x;,I] )=

a -—a

. 0o -1
N2:F2,x(x2 Iy )= b

a —-a
. 1
M=F, (x/ 1, )=[0]
C'=H, (x],I7)=(1,0)
D=H, (x ,I7)=0

[ I\J
E '][
0

BT (1)det(N,) #0
(2)D-C'N;'M#0

0. 1-c'NE=""F
b2k, 5y

FFLA, MR SCER[ 18], 7E X, b kAR A sy
FrEeth i 2524 b-2k,>0, X, bR A i B4 5
FREeMEir 0324 b2k, <0, Y, b & A 10 FLOEA Y
BT

wmE 1 A S E E IO T B 1 R
K, A s BB B R A AR B R RGEAS T g
[Fi) ol A A =T A

(3)1-C'N,'E=



RIS . — 2RIy BEARME MR L R SR 8 1247 R o b 123

(a) b <2k (b) b >2k

K1 RGP

Fig.1 Distribution of system equilibrium points

2 b<2k, W, RGAFAEPIAF- 1 SO V-
S EARTEBUINE < (1) 2 I<ky~k,(2k, +b) B}  FF7E
P TAi s B, 0 Ey JFHE, i fe i 45 55
SRR E R (2) B T RN, >4 ky—h,y (2%, +b) <
I<ky=k,(2k,=b) B, IR AP 5 £, F1 B, IF H
E, R R E W45 B R By RN (3) 14k
SN, 24 Ik, —k,(2k,-b) B}, 2R G0 04T A 1.

1 b>2k, I, RGA H A — AL BARE B
W 2 (1) 2 Ty~ (2%, +b ) I AFAE—/ N I R 7 )
ST B, 5 (2) Y ky—k,y ( 2k, +b) <I<ky—k,( 2k, ~b) I},
E R, ML E,, E, Wik AR, 1 4kSL i m, Y
1>k, =k, (2k,=b) B} E, JHK I E,.

SRR TSI s - A S ok 7 EE A g ]
HESHL
32 BhRBAHMNEEE

B, EE S a=1.25,0=2,k=0.6,k, =1,
Wk =0.8. X AN[A] 1 AT BUE 5 1, Bl S8 sy
JEREE AP 2 R,

(@ I=155

() I=1516

K2 FREAppuE

Fig.2 Phase diagrams of system periodic orbits

MI<1.24 B, RGEA JIHGE; S 1>1.24
B, RGAETE SIS 7E 1=1.516 B, R %05E S50
FEX MY, T ARSI G kD RO Hk
FOERL A 1R, I RE AR RN A
K3 ATHL 7R 1< 1.24 B, 0 B R(E S S/MEE
G, L, RGPHAPIRE N — A 05 7 1>1.24
BF o MK S/ MEANE A, I, R G001
RN R EIBE I BRGE LR R 1 038N 24k
PERGK 76 1> 1.516 B, 3984 38k 88 v 12 {H 475 5 28 1k
K.

N -
Maximum .*

Linearannvasennoronsaseel,
o,
........
""Seen,,
“““““““““

.............
..............

K3 AR TEXNRCFARRS T o R E () Fiis/ME (R E)
Fig.3 Maximum value (blue point) and minimum value (black dot)

of v for different parameters [ in the equilibrium state of the system

HR BB a=1.25,b=2,k,=0.6,k, =1,
ky = 0.9 %R T A TEUE T B, FE S8 P17 450 ] 1A
HLBEWE 4 PR,

v
(a) 1=0.99

-5 0 3 10 15 -5 0 5 10 15 20 25

(c) I=1.12 d I=135

4 REGHWHE
Fig.4 Phase diagrams of system periodic orbits

M 1=0.99 B, RETTAMAH; S 1=1 8], RE
TETER A% Y 1= 1.12 B, RGEAEAE %, B k6



124 g % 5 & 6 ¥ W

2019 555 17 %

& TG, B AR 1 ARG P& 5l g, 7
I<1 1o (R K(ES R/ METE &, IR SR
AR — AT 1 76 1> 1 B o KB S o/ ME
A, IR SR F BRSO A 3, Huad
TR 1R 2L .

60
50 5
.-‘f
-
40F
Maxﬁnmq_,i‘
30t o~
> .._.'!
20F o
.-"‘
10F f‘/
-
-~
or Minimum
-10 . - . . .
04 06 08 1 12 14 16 18
|
5 AR TER RPARRES T v BYERAA (A Fdse/ M (25)

Fig.5 Maximum value (blue point) and minimum value (black dot)

of v for different parameter values I in the equilibrium state of the system

4 JEEASNEBIXT 2 4 E HR AL FR B 2

SRRSO L, RPN K B 245
AP EA B, R, ANl 1, =1cos (wt) , 3
W T BRI 0 AR | I R GRS

d

?::kl( ‘1)+k2 ‘+ ‘ v—k, ‘)—k3—u+lcos(a)t)
d

£=a(bv—u)

(2)

M =00, 1=1,, RG (1) MHE%(2)MIFHE. H
FRAT, IS a=1.25,0=2,k=0.6,k =1,
k,=0.8,I=1,=1.1,0=0 &% (1) LMz 1t
I, % w70, Bl FMEU 2 1), 15 2K 6 14

2

100 200 300 400 500 600
t

K6 »=0.02 i FIHANEA 1R TE R st R 58 (2) MK
F 18] iR
Fig.6 Phase diagram and time series of the system (2) for periodic

stimuli acting on a non-periodic motion when w=0.02

X R GERAS (R AR A 42 Bl A 1SR 2
J& , RGeS AT R, HRHUR T w.

7 SR S AMEURh X 22 8 J S0 H ) S . AT HR
BEa=1.25,b=2,k,=0.6,k =1,k =0.8 H
w=0.04 155 E 7 BY45 .

:

2 2
-1 0 1 2 3 4 )

100 200 300 400 500 600
v 1
(a) I=15

10 N
8 6 ‘h
6

4

£ >

2
0 0

2
0 2 4 6 0 100200 300 400 500 600
v t

(b) I=17

Bl 7 FBE(2) B S T A st ] s 2 14

Fig.7 Periodic bursting phase diagram and time series of the system (2)

o
..‘V'l

(a) @=0.02

1 11 12 13 14 15 16 17 18 19 2
|

(b) ©=0.04

K8 Ao T, ASE RG22
Fig.8 Bifurcation diagrams with /, as a bifurcation parameter

for different values @

Hi1E 8 AL, BEAE 1 I, R G A



5 2 1]

RIS . — 2RIy BEARME MR L R SR 8 1247 R o b 125

[i] PR TR, HL AR 384 K, B o7 J1 399 A i P TR
. RGNS 0 F—EL 3 0 =0.02
Ml w=0.04, L4 I A3 ESEAME A7 E (K8).

FCHLAT MR RGN 1= 1,24, 1E 2 X, Kl i
BRE B TE G 20 2 0. BT LA R G (2) MR TIOE BL4
TR WA R Y >1.24 B RZE (1) 7"
A TR EE 7 R AN R RS kAR R
L, I HLREE 1 R3S m— R R R B N, 0
/N T30 FE RO b R i R

5 #ig

T WESE TSR B S B = BeR R 22
JURERY I8 1P S P U s L o 2 2
PR ILR BRI S, En] UK A 10 P16 5 B
FREEVE I 2 ARCIE AT 2025 A — b 5 i S A T
W, 0T T S8 R AR IR B2 e, K
T J ) B B R0 SRS BERE 1 R I, JE 391 R
i o3 S 2 PRI . fe s, B D7 E WX T =03
Bery s 1 2R G0, JE I Ak i e A 5k &
A T FRL B RS AR R R AR S R S TR 2
A 5.

Z £ x W

1 BURET, RE. S Jrse S A A R A i 58 SO 5 R 4
W F i SRR, 2017,15(3) :279~288 (Ja X
Y, Wu Y. An overview on progress of interdisciplinary
studies of dynamics and life sciences. Journal of Dynam-
ics and Control, 2017 ,15(3) :279~288 (iin Chinese) )

2 Simpson D J W, Meiss J D. Andronov-Hopf bifurcations in
planar, piecewise-smooth, continuous flows. Physics Let-
ters A, 2007,371(3) :213~220

3 Medrado J C, Torregrosa J. Uniqueness of limit cycles for
sewing planar piecewise linear systems. Journal of Mathe-
matical Analysis and Applications, 2015,431(1) :529 ~
544

4 Biemond J J B, van de Wouw N, Nijmeijer H. Nonsmooth
bifurcations of equilibria in planar continuous systems.
Nonlinear Analysis; Hybrid Systems, 2010,4 (3) 451 ~
474

5 JiY, Tang W, Hua T, et al. Dynamics Analysis of Neu-
ron Bursting under the Modulation of Periodic Stimula-

tion. Mathematical Problems in Engineering, 2016,2016.

10

11

12

13

14

15

16

17

1965790

Cardin P T, Torregrosa J. Limit cycles in planar piecewise
linear differential systems with nonregular separation line.
Physica D :Nonlinear Phenomena, 2016,337.67~82
Buzzi C, Pessoa C, Torregrosa J. Piecewise linear pertur-
bations of a linear center. Discrete and Continuous Dy-
namical Systems, 2013,33(9) :3915~3936

Tonnelier A, Gerstner W. Piecewise linear differential e-
quations and integrate-and-fire neurons: Insights from
two-dimensional membrane models. Physical Review E,
2003,67(2) :021908

Tonnelier A. The McKean ‘s caricature of the Fitzhugh-
Nagumo model I. The space-clamped system. SIAM Jour-
nal on Applied Mathematics, 2003,63(2) :459 ~484
Chen H, Li D, Xie J, et al. Limit cycles in planar contin-
uous piecewise linear systems. Communications in Nonlin-
ear Science and Numerical Simulation, 2017 ,47 .438 ~454
ok, i i RELAE. Gy Be M e 2 R 40 b i R) 4 43
. B s SRR SR, 2013,11(1) :31~35 (Xu B,
Tang Y, Yang F H, et al. Homoclinic bifurcations in
piecewise-linear systems. Journal of Dynamics and Con-
trol, 2013,11(1) :31~35 (in Chinese) )
bR, U4 AN, — R A AN A o Bot i
ARG A o 2 R SR T, WY AR, 2003, 52
(11):2729~2736 (Dai D, Ma X K, Li X F. Border col-
lision bifurcations and chaos in a class of piecewise smooth
systems with two boundaries. Acta Physica Sinica, 2003,
52(11) :2729~2736 (in Chinese) )

Llibre J, Ordofiez M, Ponce E. On the existence and u-
niqueness of limit cycles in planar continuous piecewise
linear systems without symmetry. Nonlinear Analysis; Real
World Applications, 2013,14(5) :2002~2012

Euzébio R, Pazim R, Ponce E. Jump bifurcations in some
degenerate planar piecewise linear differential systems with
three zones. Physica D :Nonlinear Phenomena, 2016,325.
74~85

Coombes S. Neuronal Networks with Gap Junctions: A
Study of Piecewise Linear Planar Neuron Models. SIAM
Journal on Applied Dynamical Systems, 2008,7(3) ;1101
~1129

Soleimani H, Ahmadi A, Bavandpour M. Biologically in-
spired spiking neurons: piecewise linear models and digit-
al implementation. In; IEEE Transactions on Circuits &
Systems I Regular Papers, 2012,59(12) ;2991 ~3004
Soleimani H, Ahmadi A, Bavandpour M, et al. A gener-



126 g % 5 & 6 ¥ W 2019 555 17 %

alized analog implementation of piecewise linear neuron wise-smooth dynamical systems. London: Springer, 2008
models using CCII building blocks. Neural Networks, 19 Kuznetsov Y A. Elements of applied bifurcation theory.
2014,51(3) :26~38 New York: Springer, 1998

18 di Bernardo M, Budd C J, Champneys A R, et al. Piece-

DYNAMIC BEHAVIOR ANALYSIS OF A CLASS OF
PIECEWISE LINEAR NEURON SYSTEMS "

Shang Mengyuan  Li Qunhong” Xu Xianli
(College of Mathematics and Information Science, Guangxi University, Nanning 530004, China)

Abstract A three-piecewise linear continuous neuronal model is discussed in this paper. The existence condi-
tions for persistence bifurcation and non-smooth fold bifurcation in the boundary equilibrium point are theoretically
analyzed. In addition, periodic solutions across the double switching boundaries can be observed by numerical
simulation. Finally, the effect of slowly varying periodic external stimulation on the boundary bifurcation and the

periodic bursting of the system is explored.
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