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1 1
V=*kl(xl—x2)2+fk2(x1—x2)4 (1)

Hod b, Dk, 43 5 o 2t AR MR s SN B R,
ooy T v, G301 A VPR S T e s S % PR

- -

BT et ARZRAE IR 1 4 ) 4 T 8l ) 2 Y
Fig.1 Two-mass dynamic model connected by

linear and nonlinear stiffnesses

Ak iz JHRRRL-hoas B H 5 88, 7] 3R 45 428 3h 7E
Sir i AT NS YERetD) ik 5 S
mi, +hk, (x,—x,) +k,(x,—x,) > =0,
x,(0)=12x,,%,(0)=0
V) ks (x,=x,) 7 =0,

mi,+hk, (x,~x

%,(0)=1x,,,%,(0)=0 (2)
1.2 BEFEEBLRNBERANNERS
ZIEWME 2 Ui, s ey L H 54
PRI L M 5 Y T T S R B
e e
k kl,k2 k
j#mmu m L R— = m—
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Fig.2 Two-mass dynamic system connected with the fixed boundaries

R THRBIRSE (2) , B3 &R S8 HY 3l RE A
REJT 3N

2 2
T'=—mxi+—_—mx;,

2 72
1 SR 2 1 4
V:?k(xl+x2)+?kl<xl_x2> +Zkz<x1_xz)

(3)
ok AR AR TR R R R AL
[FIRE iz FHRICRL-PAs B H 7 2, a] 3R 45 B [
R TS S J 2 RGN
mi | +hx, +k, (x,—x,) +k,(x,—x,) =0,
x,(0)=x,,%,(0)=0
mi, +ho, +k, (x,—x, ) +k,(x,—x,) =0,

x2<0)=xzo’x2<o)=o (4)

2 ETREERFERIEUKRE
[BE w AR RGE(4) AR AR BIIR, 5IA

A =0, 1

mwzx”1+kxl+kl(xl—x2)+k2(xl—x2)3=0,

x,(0)=x,,x",(0)=0 (5)
me’x", +ka, +k, (x,—x, ) +k,(2,—x,)° =0,
2,(0)=125,2,(0)=0 (6)
AR SR SR AR B
U=x,,0=%x,x%, (7)
JifE(5),(6)%N:
me’u"+ku—k,v—k,n’ =0 (8)
me”(u'+0") +k(u+v) +k,v+k,0° =0 (9)
H:
u(0)=x,,u'(0)=0,v(0)=2x,,-2%,,,0'(0)=0
(10)
ik = a5
mew* "+ (k+2k, ) v+2k, 00 =0 (11)
v(0)=2x,—%,02A4,0'(0)=0 (12)

BT ORI X FRdk, KR EA T
EARMPEOL
{cos[ (2k+1)7|k=0,1,2,--} (13)
FIAEHE B RS p, P R GRS
T fif i) 15 B AR SRR
o(7)=0y(7) +pu,(T) +p v, (T) -
a)2=a)(2]+pa)1+p2a)2+--- (14)
Hrbw,(i=0,1,2,--) AR
2.1 HIEEIERIE M
RIETTHRE (11) 5HIA 4%
BAITIER .
vo(T)=Acos(T) ,T=w,t (15)
e (15)RA(11) 2, 1w R A B
Ry(7)=mwpv" +(k+2k, ) vy +2k, 0]

SUE(12) , BIUR I i i

3
=( —m(u(z)A+kA+2k]A+?kz/13 Yeos(7)+

1
?kz/l}cos(?ﬂ) (16)

ARAEANNAL 4 %, T R A 00, 5 AR A9 490 1k 185 D5
AR 8 K o S 197 ¢
1
0=/ 2k+4k +3k,A%
w m + +
vo(T)=Acos(wyt) (17)
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AR SRR A R 25 R 2
22 1-BrREEBHLLL
BRI L1 7)) LA R EIN(16) B, cos (37)
FEARE. I, AT (14) A (11) BB ZE S
Bop B—KAEL A5
[, (7)=moi" +mw " +(k+2k, ) v, +6k v,
(18)
L (18) HRT R w, Ao, (1) LM, 4G
AR REOE K (13) B 5600 BRUE -
v,(7)=a, [ cos(7)—cos(37) ] (19)
5 (19)FRA(18) 20, IR IR A 1, 75 .
R (7m)=T,(7)+R,(7)
=[a, (k=3k,A’-mw;+2k, ) —mw,A] -

3
cos(7)+[a,( —k—2k1—3k2A2+9ma}é)+

1 3
7k2A3 Jcos(37) —?kza“/lzcos( 57)

(20)
BRI ARG A (20) 2, 42 S 0O B k.
FRPENIL 472  THPR AT, f# cos(7) 1 cos(37)
) REOT RS 1B R i O .
W)= oo,
vy (1) =03, (7) +v,(7)
= (A+ay, ) cos(7) —a, cos(37)
T=w )t (21)
2-r R 2RI
K - BT L (21) FRA R BT (20)
B, cos(57) REARE. Kk, FATH (14) FEA(11)
BIFESE p 19 2 WHRE 15
[(7)=m[ ", +00" +ov", ]+
(k+2k, ) v,+6k, [ viv, +vv] ] (22)
KF(22) WRTRHA 0, Flo,(7) LTS
P, MR A S BOE 2 (3) KWt 25 IBUE -

v,(7)=ay [ cos(7)—cos(37) |+

23

@[ cos(T)—cos(57) ] (23)
He(23) O (22) 3, IFIHBR 1-Br A i i, 15 .
Ry(7)=1,(7)+R,(7)

= [ a,, (k+2k,+3k,A° —mw, ) +a,, (k+2k, +
9 9
?szz - mw;) + ?kQAafl - mw,a,, —

mw,A ] cos( 1) +[ ay ( —k—2k,+9mwg—

3 9
?szz )+9mw,a, —?szafl Jcos(37) +
[ ay,( —k=2k,+25mw;-3k,A*) -

3
?k2A<A‘121 +a?1 +Aa,,) Jcos(57) +

3
7k2A (a},—Aay, ) cos(7T)

AL 5 125, 9 B A I3, R ATH# cos (7)),
cos(37) Fll cos(57) I R BT AT 2-Br R i i it
U

W)= Jwytw +o,

Uiy (T) =030, (7) +v,(7) +0,(7)

= (A+a,, +a, +a,, ) cos(1) -

(24)

(a, +a,, )cos(37)—a,cos(57),
T=w )t (25)
= MR 21 R
KT EaR SR A A — el k- B A i i
1L
®g = Jol, ,, to, k=234,
v (7) =gy (7) + (7)),

Vo (T) =040 (T) +0,,(7),

_ 2
O o)y TANO gy T Oy,

v (1) = Zk,ah-[cos(r) —cos((2i + 1)7) ],
vy = Acos(T) 0 =w,,k=2,3,4,---. (26)
AT B S M ik ek Kz

— 7T K TTRE(S) , (6) FHINAG

m( i, +i&,) +k(x,+x,)=0 (27)
Lp(0)=x, (1) +x,(1) , FTRE(27) 2] —A "
W2 el o O e

24

2.5

mp+kp=0 (28)
TS LR
p(0)=2x+xy, p(0)=0 (29)
Hof o .

k
péxl+x2=(xlo+x20)cos(ﬁt) (30)

Jh—J7 AR R IR SR,
AT T v (0) B2 B AL 1. A 2- B 4 1 D
SR L

%, =%, = (X9~ % ) c0s (@ 5, 1) +ay [ cos( @, 1) =

c0s (3w 1) | +ay [ cos(w 1) -
c0s (3w 1) | +ay,[ cos(w 1) -

(31)

cos(Sw 1) ]
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HH(30), (31) f5AEAL (4) {3 2- B s BAma o7 A IZE SR HLER. 2R 50 (4) RIS TR
Xy [k (%19=2%) k+2k, k
x,(1)= '02 20cos( ;t)+%cos(w(z>t)+ ﬂ-x/ - 1_,_;2(9620_%10)2
a O (X1, 2059) = 2 .
1
T[COS(w(z)t)—cos(Swmt)]+ _ 0
- —— ! 34
(JZOI—Asinzt) (34)

a
%[Cos(wmt) —cos (3w, 1) |+

(32)

X, k (%,0=%)
102 2Ocos( /Et)—%cos(wmt)—

a
%[cos(wmt) —cos (3w, 1) |-

ay
7[@05(&)(2)0 —cos(5w ;1) |

x2<t>:

Ay
?[Cos(w(z)t) —cos(3w 1) |-

a

%[cos(w(z)t)—cos(Swmt)] (33)

[RIRE M B B8 (2) B (4) 1R85 3 fBh o S
HyHi(26),(30) ~ (33) 3kA5.

3 HROWMRITIE

ARERI4E & S o, P TR R SE(2) |
(4) B925 B2 S 3 1 A A R DL e 5 22 SCHR

2
7(’“20_9‘10)2
m

Hrfr A=

k+2k, k,
2[ +7(x20_x10>2}
m
BEXFRSE(2) (4), £ 1~2 B T B4
VST AR R AR SC 2 Ay T U T DL A SR
S5 A Gk R ny i, Hp xR 2 e X

N w_wﬁxuct
(FHXFRZE% )= ——x100%

Exact

M 1a Fl 2a 0] DI Y BRI ZR S8 (2) Fil(4)
TERRZST AT AL 15 05 T 01 3 1) 0% 2 B A% o 3
R GO PNITP NN %N P gt e
S g A Y M SR AR ST T A 2 3 (R AIR B A
REGRE A SCHA FE - AR SO 25 28 e ek i 4k
WA X WG RS S T S Pade [AI4E 3L
A1), 3 LR B - A 3- B A TR 8 T A
it A ST S5 R IR, SR

(35)

Fla EERZ(2) WEMREIE K FEBEHRE
Table 1a  Various-orders residue harmonic balance solution frequencies of model system (2)
Parameters Initial harmonic 1-order residue harmonic 2-order residue harmonic Exact
m k| k, X0 Xog approximation approximation approximation frequency
1 5 5 5 1 11.4018 (1.8736% ) 11.1976 (0.04914% ) 11.1916 (-0.004467% ) 11.1921
1 1 10 -5 18.4255 (2.1924%) 18.0422 (0.06656% ) 18.0292 ( -0.005546% ) 18.0302
5 10 10 20 30 17.4356 (2.1585%) 17.0782 (0.06445% ) 17.0663 (-0.005273% ) 17.0672
10 50 -0.01 -20 40 2.14476 (3.1383%) 2.08228 (0.13369% ) 2.07979 (0.009618% ) 2.07950
100 200 300 400 200 424.2687 (2.2204% ) 415.3362 (0.06823% ) 415.02943 (-0.005679% ) 415.0530
®1b RERS(2) WIECEMELERILE
Table 1b  Comparisons of approximate frequency for model system (2)
Parameters C7Y7a Dopam D11 1]pade’ W31pp W3nyp w .
2RHB Exact
m ky ky ¥lo Xy [4] [8] [8] [15] [15]
1 5 5 5 11.4018 11.4017 11.1975 11.1927 11.1926 11.1916 11.1921
(1.874%) (1.873%) (0.048%) (0.005% ) (0.004% ) (-0.004% ) ’
18.42 18.42 . . . .
1 1 1 10 s 8.4255 8.4255 18.0422 18.0316 18.0314 18.0292 18,0302
(2.192%) (2.192%) (0.067%) (0.008% ) (0.007%)  (-0.0055%)
17.4356 17.4356 17.0782 17.0685 17.0683 17.0663
1 1 2 17.0672
5 0 0 0 30 oise%)  (2159%)  (0.064%)  (0.008%)  (0.007%)  (~-0.0053%) 06
2.14480 2.14048 2.0822 2.0799 2.0798 2.07979
10 50 -0.01 -20 40 2.07950
(3.140%) (2.93%) (0.13%) (0.019%) (0.018%) (0.014%)
424.2688 424.2688 415.3372 415.1521 415.0823 415.0294
100 200 00 400 200 415.0530
3 (2220%)  (2220%)  (0.068%)  (0.008%)  (0.007%) (-0.0057%) ‘1053
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F2a EERS(4) WEMREIER FEBERER
Table 2a  Various-orders residue harmonic balance solution frequencies of model system (4)
Parameters Initial harmonic 1-order residue harmonic 2-order residue harmonic Exact
m k k, k, X0 Xog approximation approximation approximation frequency
1 1 1 1 5 1 5.1962 (1.7307%) 5.1099 (0.04111%) 5.1076 (-0.003916% ) 5.1078
10 25 20 -0.05 -10 10 1.8708 (1.6021%) 1.8420 (0.03802% ) 1.8413 (0.00220% ) 1.8413
5 10 20 30 -10 10 60.0833 (2.2075%) 58.8253 (0.06753% ) 58.7823 (-0.005614% ) 58.7856
10 50 70 90 20 -40 220.4971 (2.2186%) 215.8583 (0.06815% ) 215.6991 (-0.005656% ) 215.7113
100 200 300 400 -50 50 244.9653 (2.2196%) 239.8090 (0.06802% ) 239.6319 (-0.005884% ) 239.646
®2b WERS(4) WILPBAERLERILR
Table 2b  Comparisons of approximate frequency for model system (4)
Parameters O ippp Oopam @[ 1]pade’ W31hp W3nyp a) a)
2RHB Fact
m k ky ky %10 %20 [4] [8] [8] [15] [15]
| | | 1 s | 5.1961 5.1961 5.1099 5.1080 5.1080 5.1076 5.1078
(1.73%) (1.73%) (0.041%)  (0.004%)  (0.039%) (-0.039%)
1.8708 1.8708 1.8419 1.8414 1.8414 1.84134
1 2 2 -0. -1 1 1.841
0 5 0 0.05 0 0 (1.602%)  (1.602%)  (0.033%)  (0.005%) (0.0054%) (0.0022% ) 8413
60.0833 60.0832 58.8254 58.7904 58.7897 58.7823
5 1020030 =10 10 o hiay  (221%)  (0.068%)  (0.008%) (0.0070%) (-0.0056%) o o0
220.4972 220.4972 215.8588 215.7290 215.7265 215.6991
- 7113
10030 7090 20 40 gy (222%)  (0.068%)  (0.008%)  (0.0071%) (-0.0057%) !
244.9653 244.9653 239.8095 239.6652 239.6624 239.6319
100 200 300 400 =50 50 239.646
(2.22%) (2.22%) (0.068%)  (0.008%) (0.0068%) (-0.0059% )

FEXF R 22 O RIS 3B 0, X F RS0 (2) . fES 5 m=10,
k,=50,k,==0.01, x,,=-20,x,,=40 F, FiRCHRT7
0 i AH X R 2K IR R 3.14%, 2. 93%, 0. 13%,
0.019%, 0.018% , 78 SCHY 2 Br- A% i I 1 i A 4 %
ES RS (B A X 25 8. 0. 14%. % T R 58 (4) , TE
B m=10,k=50, k,=70,k, =90, x,) =20, x,, =
—40°~ , LR SCERIT L B SR AR X R 2RI 2.22%,
2.22%, 0.068%, 0.008%, 0.0071% , A3CH 2 Br-
SRR U T AR 3R ORG B A Y A RE R 25
-0.0057%.

Shy a2 VR i AR SCARAR i 7 A A5 T 3~ 5
SRR TR (2) M (4) TEARSET RGN
Sl 41 0 f 4 EL AL

K 3HERG(2) BB m=5k =10,k,=10, x,,=
20, %, =30 N A I AU M S0

x,(1)=25-4.779cos (w ,1)=0.2117cos (3w 1) -
0.0087cos (5w ,t) ,w = 17.0663,

x,(1)=25+4.7796c0s (w5, t) +0.2117cos (3w ,,1) +
0.0087cos (5w 5,) ,w 5, = 17.0663.

K A47ERG(4) S Hm=1k=1,k =1, k,=1,
%10=5 2050 = 1 T AT AL AT IR 0 A

x,(t)=3cos(1) +1.9129cos (w ,,t) +
0.0837cos (3w, 1) +0.0034cos (5w, 1),
5= 10.8684,
x,(1)=3cos(1)=1.9129cos(w 1) =
0.0837cos (3w, t) —0.0034cos (5w, 1) ,
= 10.8684.
B STERG(4) BB m=50,k=1k =1, k,=
1,200=10,x,0 =5 T BT ARUE AT A I A -

32

The presented solution

O Numerical solution

30

28

n
L

Response xl(t)
n
S

N
N

200

0.1 0.2 03 0.4 0.5 0.6 0.7
Time (t)

F 3a SEBTITRINELY 2, (0) SEUEM LE, 2 m=5,k =10,
ky=10,x,9=20,x,, =30
Fig.3a Comparison of analytical solution x,(¢) with the numerical one

for case m=5,k, =10,k, =10,x,,=20,x,,=30
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32f The presented solution 4 The presented solution
O Numerical solution 8r O Numerical solution
3005, 6 4
4t ]

n
@

Response xz(t)
3

Response x l(t)
o

rys J
241
4t .
22f st
20} B 1
0 01 02 03 _ 04 05 06 07 1% 10 20 30 40 50
Time (t) Time (t)
& 3b BTN v, (¢) S A L, 2 m=5,k =10, Bl Sa  fEATITAANALL %, () SEEM I, 2 m=50,k=1,
ky=10,x,,=20,x,, = 30. ky=1,ky=1,0,5=10,x5=5
Fig.3b  Comparison of analytical approximate solution x,(¢) with the Fig.5a Comparison of analytical approximated solution x,(¢) with the
numerical one for the case m=5,k, =10,k, =10,x,,=20,x,,=30 numerical one for the case m=50,k=1,k, =1k, =1,x,,=10,x,,=5
5 , , 10 ; :
The presented solution 4 The presented solution
4 ©  Numerical solution 1 8t 2% O  Numerical solution
3 6z
[
2 4r
—_ , —
1t i =, 2t
i >
g o g o
2 2
-2r -4r
-3t iy
-4 iy
5 L N : N7 . .
° 1 2 3 4 5 6 "% 10 20 30 40 50
Time (t) Time (t)
Bl da AT IR &, () SEMEMLE, M m=1,k=1, & sh fEMTT AR x, () SEUEM L, M m=50,k=1,
by =1,k =1,2,0=5,559=1 by =1,k =1,0,0=10,x5=5
Fig.4a Comparison of analytical approximate solution x,(¢) with the Fig.5b  Comparison of analytical approximate solution x,(¢) with the
numerical one for the case m=1,k=1,k =1,k =1,x,,=5,x5=1 numerical one for the case m=50,k=1,k, =1k, =1,x,,=10,x,,=5
Thepresentd so (1)=7.5c08(|=1)+2.3971cos (w,, 1)
e presented solution q x,(2)="17.3cos —t)+2. cos(w ,t)+
O Numerical solution q ! 50 )

0.0990cos (3w ,, t) +0.0038cos (5w, 1) ,
w,,= 0.883305,

1
xz(t): 7.5005< J;t) —2.3971005<w<2)t) —

0.0990cos (3w, t) —0.0038cos (5w, 1) ,
o ,,= 0.883305.

Response xz(t)

Tme® ° ° I 3~5 AHMEF Y, AS SCE H A0 3 B e 1 5
% 5% A
b TR () SHA AL, % m=1 k=1, BUEME RS (2) L (4) AR ZHCT #Y) 2 150 5
ky=1,ky=1,x,7=5,x,5=1 ﬁ?
Fig.4b Comparison of analytical approximate solution x,(¢) with the 4 Q:bio/[’_\,
=A

numerical one for the case m=1,k=1k, =1,k =1,x,=5,x5=1

ST OT A, 8 A R A AR B M
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ANALYSIS ON VIBRATION FREQUENCY AND RESPONSE OF TWO-MASS
DYNAMIC SYSTEMS BASED ON RESIDUE HARMONIC BALANCE "

Guo Zhongjin "*"  Xia Lili ' Zhang Wei '’
.College of Mechanical Engineering, Beijing University of Technology, Beijin, , China
1. College of Mechanical Engineering, Beijing University of Technology, Beijing 100124, Chi
(2.School of Mathematics and Statistics, Taishan University, Taian 271000, China)
(3. Beijing Key Laboratory on Nonlinear Vibrations and Strength of Mechanical Structures, Beijing 100124, China)

Abstract To fully understand and accurately predict the motion characteristics of two mass dynamic systems , this
paper constructs a solution procedure of residue harmonic balance for the study of two-degree-of-freedom motion
systems, taking two-mass dynamic system connected with fixed boundaries as an example. This solution procedure
combines the advantages of harmonic balance and homotopy method, and the higher-order approximations only
depend on the initial harmonic approximation, and they don’t need to be adjusted according to the previous
approximations. The results show that the frequencies based on the presented second-order residue harmonic
balance are more accurate than the results obtained by other existing methods, and the relative errors are reduced
in different degrees. Moreover, the presented steady responses are in good agreement with the numerical ones. It

is shown this method can be applied widely to other nonlinear oscillation problems.

Key words two-degree-of-freedom system, residue harmonic balance, higher-order approximation, frequency

response
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