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Fig.1 A symmetric system of two degrees of freedom and

its natural mode-shapes

B 1 PR RS, P RITEFT AB BB m
Py oA AN SR EE R W BE RS Dy & HL R T 200 A
T TP A B RGE, HT AR R Al ik TN
FFEAR A R A B RS, BT E AP IR O -

(1) BEFHRIPERT P A, F0 o, VRN SCAR
b, R4 RGOS PRI AT A 3 R GE AR

{w]=«/2k/m, o =[1 -1]" (1)
w,=/6k/m, ¢,=[1 1]"

BT x, Flx, A3 T3 e, BIFA
AT AR AR E I TN A o, BIPIASrEAF
S AR A, AL TR .

(2) 3 x, AL T AC W5 x ) VENT SLABRR,
W RS E A BN .

{w1=«/2k/m, o=[1 1]" )
2

w,=/6k/m, ,=[1 0.5]"

AR o, B Sr A5 — 350, (AT DRI PEFT BT

HATRL RS B o, B, IR T 58 A AR ] B LA

w,r=1,2.

FERE 1 A PR B — 0] LA LG 45 7 L An]
i AR AR RS AR R TS
AT BB SCARAR R IR B RHAE ) o 5 B T
JIRE e T AR 2R, RRAE 1) Bt 2k 26 T LA &
S MR — B

R 2. LAV AR LA, 7E PR B0 43 AT
FROR RSSO 4l R AIE 1) 22 AH 90 7 2 75 A8 5 ke
A PR A EAT 1 A5 20 B T e )
AR 25 28 R G [ A PR LR RS FIWE &4

FERR 3. AR R R 1S 2 A2, 45 B AT [
A PR AT 5B Ok R ME. [H B, Tantmaxep F01
Kpeitn S50 —4ER 3N R G0, L s ] — BT
SCARBRD BRI ) 2 (4 AR 405 43 AR 5 T 2 B [
A PRI S A LR 2 ) AR UL



553 3

TR V8 A PR R Y AR 195

A YRAY AT REAE — 4 R G v &R SCARAR S a5 3 Sl
R L R R [ 4 AH 4R i AR S HUR A
W 1A R A A e o A O AR B 45

1.3 =35 %EFE 8] 7%

5

\l(ﬂs

2 ZHMEERG K =100 B i1 A PR
Fig.2 A system of three degrees of freedom and its natural mode-shapes

when y =100

B 2 s 3 ARG, o 3 MEF R
B m, WIVERT AC RS R i ¥ 2 ANt 78
AR ] 50 ) P EE 853 S ke, A0 5 ) T RE
vk, y>0 AICE R LA 2 s L) SCARBR
A RGN REFNFAE N «

T=?xA+?x'B+3x'D

k k k Xp™%
V=?x§+?xé+y?{xn—[x3+( 2

Jall’?

k
=?[xi +xf;+')’<x4_2x3+xn)2}

(3)
IR 2R 0 o o R I O R I R 2 BE S R 0 3
1 00
M=m|0 1 O}
0 0 1
I+y =2y vy
Kk[—Zy 1+4y —2'y]
Yy 2y vy
1 0 -l
F=K'=k"'[ 0 1 2 (4)
-1 2 5+1/y

XFTy=1Fy=100, KMFEFER (M, K) 1) SR
EAA ) R, 75 3 2R G0 A A
y=1:
w,=0.382,¢,=[-0.171 0.342
®,=1.000, ¢,=[1.000 0.500 0.000]"
-0.4271"
(5)

1.000]"

w,=2.618, ¢,=[-0.500 1.000

v=100;
,=0.408,0,=[-0.199 0.399 1.000]"
w,=1.000, ¢,=[1.000 0.500 0.000]"
-0.4997"

(6)
XFH(5) FIEC(6) A UL A7 SR W AR AR X &R S
A BSSE AN R, 1.4 5 e W B T I8 55
MRS OL 2 R GERTPI R A RBLI A 1 A5 0,50 3
W A PR AL 2 A9

FERR 1 ORI R GE R TR A X A R
THRIEEHFE K ASJZARE Jacobi 2 FE | Tk K4
Sturm F&GEHHIEFI W 8147 PR B B9 i 6

ER 2. BARZRGIL NS RG AR
B F RO M 0 3R AL &, AN 2 IR R I AR
JE N itr.9ac Tanrmaxep Al Kpeitn AF5Y 45 ok
) U T A7 i 2R Y
14 [BRHEREEE

I EEIE 2 PR RGE, W y—+eo , RIS 4
o [T 7 A A A S, R ZR S8 HOA S il
AR 2 78 LAY SCABAR x, Moy SR, RGESN
REFIFABE ] A

w,=24.51, ¢,=[-0.500 1.000

T:%xh%x}%[xﬁ(x”_x“)a]2
=7 Laini (2] (7)
ko k,
V—?x/1+?x3
ARG HA RS, 5T B R W) B [ 53 5l
A
[2 —2} [1 0}
M=m , K=k (8)
-2 5 0 1

KA SCRAE A IR, 15 31 R G0 1) A RS H .
o, =/k/6m, ¢ =[1 -2]"

w,=vk/m, ¢,=[2 17"

TEVEE R ABFR T X PR [ PR 2 345 5
FAEK(9) H(6) X A] WL s iy [ A PR B 5
P 2 e i [ T A R BAH 22 T L.

iEf& 1. 7F Tanrmaxep 1 Kpein [HF5E T, %)
HA AR P B 1 B RICAR S8R IR e R B0 TR
236 o0 f5k R A MM R T L AR A v ) R
L ik X R G, (B H BA SR G IT, HeR

(9)




196 NPT

oM 2 2018 4FE5F 16 4

TaatMaxep Fll Kpeita 48 58 45 5 B Jo ik AL FRIX 2
EXo

FERR 2. RGUBUERE G 0T 2 A IR 1Y R
U A2 A% He 2 P A 1 R G B [
PRELIAT Y A

2 MEHERZEARENTRAE

21 — RS

W A HEIRSh RS, S BU 17— E A4~
7 SCARbR ST RS TR R M M e 7RI BE AR
M K e > 10 22 50 1A A0 R 56 P RO T8 0 i
VA — 19 [T A 4 280 B 2 A

2
w; 0

A= e R*?

2
0 o

P P

o= ¢, ¢JE{ }emm (10)

0y Pn
Hrh wf $w§,¢ Al TN AR BR T ) —
ARG r BRI PR B T S TR SRR

©,9,<0,r=1,2 (11)
B3 = VAL EOF S G

R A5 1A 41 R R I DG T Jo a2 I O 2 R I 1)
IAUERS T B @"Md=1 Fl @' Kd=A 1] FH .

M=®"'&®"' K= "'AD"' (12)
eI AT RN

1
m,=m, =————— +
12 21 (det¢)2<¢“¢21 ®1Pn)
b=k = (030,05 010,01, )
12 =y (detd)’ 2P 1Py TW P Px

(13)
th ST R G IS A S B SR I Y X%
3

klz_mlzw%: (w%_wg)gpllgpﬂ

(detd)?
1
(detd)?

PN (14) 3 PIFE BLHEA T IR,

(1) A A SR G, B oF <o IR 3G
K (14) ,H ky-muw =0, ¢, ¢, <0, H1(11)
Al @, HI A ky—m,0; <00 o0, <0,
@, A1 T A5 5 = A [ AT PR A T 5 8 4 A
W BE] m, WEUE 1% 505 55k ) B i — 2

(14)

2_ 2 2
ky—m,w); = (0,-w7) @, P

53R AR JLAPE L.

a. X T m,<0:8 m,w; <k, , W ¢, A7 5%
by <m o3, W @, 5 H A m,w;<k,<m,o0;<0,
W] @, F1 @, ATREIITC Y A

b, W F m,=0: 45 mpw: <k, o, A5,

- 2 - 5 2
Ak <m0y, M @, A 0<m 0] <k, <m,,

c. XTI b AR m,, =0, Bl R TEXLH)
SARFR AR A AR O T I S R A by,
<0, 0 @, AT 45 k=0, @, Fl @, YIAE I 1,

XA B AR AR £ B R M A T AR Y ke, <O B
RGO M & 4R % I, 5UR T Tantmaxep Al
Kpeitn [WAF78 5 35 10 BE. bR L 2 00 X R G0 A 7
AT SR, SRS TR B .

Bl 3 BRI LRSS TE (m, , k) FTH LB E
() 4 A X3 B Hh A2 R B 25 T [ A R 7
RS RGN ERR G I SR I L [
R 2Z A C 2R.

2
“kIZ PRI
@ ¢, with node H
-
(D # withnode u m12a112
@ @, ¢, with node ~m,,

O without node
(possibly)

3 LR A B RS A R AL
Fig.3 Classification of the natural mode-shapes of an arbitrary system

of two degrees of freedom

(2) PASFE A SRAR T RSO, B o) = 0] = o,
IR R (12) AT

K=®"'A®"' =0, @' D' =0w;M (15)
ARG BH TR R AL

A(w)=(K-0’M)= (w0}~ )M e R

A(wy)=0 (16)

P, AR A2 JE SR A 1) B 2 2 R GE A
R, HENTR L4 & AR dnitt. i e nl 453 20 95 [
1 J3E 2% 40 a0 ] A 4IRS

a. PN A PR B 0] LARYJCH 6, s Y A
A 2 — A

b. ATRAGEFE R G DA E — a5, IR E A [



553 3

TR V8 A PR R Y AR 197

B FAEE AN LRE T IEET ) E B RS
A PR AL, BOPE B a ANTIE H B 8 T B RN B i
B b, TEW E B RSE E RS A RIS B S kST Y
J7 AR w, Bl g, PR RS PARE A C Y «,
il RT T SLARKR 2. FE 55, C N LI AE
=0, RS AMER 2 FBR 1% AR E RS
AL RS  ARASH L A SCARAR 2, 1 ac 5 DU 2 i) o
=[x, x,]" WEN RGN E A IR, HAES C
R AR =0

e e 248 |, Tanrmaxep Fl Kperm B/ 55X
EH TS ERAMRN RS, AR TG 35 b
(12 241 L.
22 EBIGH

AR 4 PREIM A RS, P NI AB
BT m 50 A0 K E N gL, n=1 2T EH R
B AR I B L KIEESY BA kA, R
ZBEATT BUBCFF i o] B2 A% v, B0 x, ) LA
P, AN [T B S I A 10 T A T A R .

X, x5 n>3 I<n<3

nL PNl

P4 5 e R AR R A I JE SR I Y [ A R Y
Fig.4 A system of two degrees of freedom and its natural mode-shapes

when two mountings are identical

TR 4 72 ST SLARRR ) B 2y FIR T
B REFIFRE 733010 -
m Xty o m(nL)?

r=20 )y (nL

5%,

)2

(x4+x8) +— (xB xA)

24

(wp=x,) (1)
k [x1T 2 :l
1 (x/;_x4>("7+1) 2
?kz[xA' 2 ]

FH I R4 1) 28 S8 F) o R e AR B R

m[2 1
M="
611 2

K‘L k1(77+1>2+k2(77_1>2
4| () (1)

(17)

(ky+ky) (p*-1)
k(n=1)+k,(n+1)?
(18)

AT e 1 A4 0 38 ) 85 2 A5 R ) 2R A T .
(D) PSR N B A S 10k by =k, =k,
A (18) fiiffk g«

M_mz 1
61 2

k[l oyl
_ZWZ{nz—l n2+1}
BEEY 2R 48 A2 A7 % FR, B 0 R A IR A @, =
(1 1" AR A FREEIRE o, =[1 -1]", @5t

Rayleigh 7 AT 75 21 AH LY 19 [E 47 ik Sl A0 % .

R

(20)
AR ROGIRR 1A 4 Y LA e S 71 i (B
Xof IO B4 Il A A S B R B T S50 .

B1<n’<3 i, AR (2007 0, =0.<0, =0,,
BIES — B B IR BB 8 2 >3 1 A o, =
w, <o, =, , B A IR EAT 1 5 X P
APRALANEL 4 FrR AMERE, 4 1<n°<3, A £k,
<m o) A >3, WH ky>m,00. AT L 2.1
WA [ G AR AN R G B b 45 B SR k<
my,w; Flk,>m,0f, 2 ARTER 3 A REZRY X
SR R 22 1 X Sk

Yot =3 0 R A TR 0, =0, -
V2hk/m A R AT BUOA AT 2 A 2t e iy R
o), WA EAEEE.

(2) AP SR NI BE AN 5 AN 2958 0<k, <k,.
R TSI W =3 0 R G o R R N B
W53 50K -

(19)

will ]
61 2
1| £, (2+/3) +,(2/3) k,+k,
K=6[ ke, +k, k(23 ) +k,(2+/3)
(21)
RGP RGBSR
rsﬂww#sUWslwﬂT )
®,=/2k,/m @, =[1-/3 1+./3]"

i‘.ﬂﬁ/\lﬁﬁﬁ’?“i’ﬂﬁ*ﬁ = H%“ 5&3‘%%4’5%%

—kr Iﬁ%ﬁ%ﬁﬂﬂ%ﬁ%%ﬁﬂﬂ& \E%%NUE%



198 g % 5 & 6 ¥ W

2018 4E55 16 4

X A LARAIE W mp, 0’ =k, /3, mpwi=k,/3, k=
(ky+ky) /6,085 /& 2.1 755 H R A~ [ A5 A0 238 A [a] 115
Wb Y 5 O<m 0’ <k, <m w2, IETER 3
FEAT R | S 2 g X s L Db 33k A [T AT R

R 1 BARAE TS — RT3 R R
45 R TR A8 SRRy SORIY AL TR i
A AT 2 7% 0 (. AR T 25 05 0 W B 1
&, CHLMIEE 22 1l v I 30 A i 1 I ] A
Y3l Wi 2 AR SR CHLFE B T N (R I Az
. s SO Y TR) BE R A% DR, A 1 B [ A PR A
TN L5 2 A RS 1 A5 A 50 3 B A
PRAGEALT CHLLE A HRASTS el 1) 45 i
APRAL, A 2 A5 8 B B A R A A 5 s T
MR EHE. AR s SS9 ] Bk /) | DU s 79 i
[E6] A I 28 1 B4 R 4 2 ).

FERR 2 A 1 — Ok 43 A RN 52 48] o3 A B
PO HEE ZR G 1Y [ 4R 28 SR b AT
AIATREE A J K00 1 R G0 HA I MR & s A
BiRES B H T Tanrmaxep Fl Kpeitn AOMFFT 45 51

3 BEARET SRS

MAGAMEREE 2 25, R 2.1
F14) SELHE 2 53 B 1 A IR 8 %) 1 e Pl AL A A — 2%
Z A MALA RGN A ) K U B
[E1 5 PR 2R 11449 s T BT

X e xz

— — X, Y, 0

ES5 n+l HHEAA RS

Fig.5 A composite system of n+1 degrees of freedom

K 5 Rl B RG S=S, US, EA R
RS, & 0 AWM E RS, HBHPUHE R
B (0)=[b(w)] eR™;S, EAAEFAWE o,
P FLE B R G, O o M= [m,;] e N>,
HRHE = (16) % 1 Ay BHATHE P P 2 7R

A(w) =law)]=(05-0" )M (23)

TEHE RS S 2k S, B 1 MAamE Yy, 5
S, WIS 2 A y, WIPEXSHE Bl & R G0
UL
Z,,(0)=
[a, (o) a,(w) 0 -« 0 ]
ay(®) apn(®)+b(w) by(w) - b, (w)
0 b, (w) by(w) - b, (w)

. O b, (w) bo(w) = b, (@) ]
e M) (24)
HPE17515CAY Laplace A, AT 2L (23)

RS RGN R TR
a,(w)detB,(w)+detA(w) - detB,_,(w)=0

(25)

U (23) A B2 753,

(w;-w*) [m,,detB,(w) +detM - detB, ,(w) ]=0
(26)

XU, w, 22 & RGN — AR 2 2%

FFFX N EAA RN T Z, (o,) P —51 2%

WO KA R A E G IRTUECR @, =[1 0 -+ 0]'e

R RARZERIREA o AR AHA R L

X EAT RS AUR S, f55 1A LAk bRiz g,

MG R GEHARER 3 1k IR 432 A PR A 75 4

B RGN n+1 BARAIE? B RETEHE. U

XA AT 4T
WA (26) , HE RGN HAR n A A MR

AL ITRE
detB, (@) +m}! (wi—w*) detM - detB, ,(w)=0

(27)
WERBIA m,=m;! detM ,k, =m]| w;detM , N} i%
TR T

bu(@)+(k,~m,@”) by(@) by(w) b, (@) ]
by (w) by(w) by(w) -+ by ()

det by (w) by(w) by(w) -+ by (w)
b, (w) bo(w) by(w) - b, (w)

=0 (28)
TR S, MEI ™MEE RE S, A HRslh . 1
TES, 5 1A AW E LM E m, FEZAH
B 5 [ e 2 WA A —NIEEA k, ()30 i34



553 3

TR V8 A PR R Y AR 199

XTI B 28 G i o e R 24 R B [ A AR 4 B E
HUYS B EACRAEM IR = m, R o, BR
o, MM £, J5XH o, FHEH @, , B3I

SRR

0 <w,,0,_<0,<w,,,r=2,....,n—1 (30)
XU A RENEGE 0, Bl o, It TRES,
FIEA R o, B o, Z ] BT 2L, AN 3 W E
RAEMEAWE o, R 0, <o, <o, WHE RS
A R ¢, XoF L 1) B A 0038w HF050 T B [
I, BAT n AN S EA RN DUR A RGNS 2
Bl sy n B A R ) B —A TR 25 n+l
[E] A PR,

TR LR TWHBERS S, BAEM, M
FEMHER 2 AN A bR A F R E AR, H S, 5
S, FRIBCJE AT AR B A IR BRI & RS L) S,
() AR IR BT, S, B4 A i PR e Ak
A S, BEE 14> A R AR RSN

R 2. XPEIA RS S, i HARE TG,
Fi AR BEAE 2G 1Y S, , (i B [ A IR 30 & A FE BT
TAEL b H R S, MR ERR B X AR S A
TR S, Bt sl iR (S, 76 S, RS, &
Ab K e Fe iR S5 b MU ARG IEIRET LS, 1)
HE H AR IR SN

ERR 3 WK 2.2 By REIER S, I H
0> =3, 0 S, BAEBA M, nTRE FRg5 8.

4 #Hig

(1) RGEEAIRELE — AU &, (H 5T A
AR EAEBRG AR X TAE—4E 4R 3 i 4
ARG, ATl 0] — By 1 CARAR &R, JE AR 38
Tantmaxep F1 Kpeitn 19 3 i8> Fil Wt 47 11k [ 2t 19 4
RIS S SCARRRR E [ A kA
AT RN THARG, A DB A SN
R BRI ) SCAR R B S

(2) HA T Z 5 1Y Tantmaxep Fl Kpeitn Hf
WHINHIVEEDFAE T A L R G, B 2 IR A 6k
KRG UH Y RGAAEBERE G I X B8] fE

SRR R GERA FE AR, W% B 0 2%
KA

(3) XF 9 F H R R GE R [ A R BT ST R W,
P A AR B T BESS O A, s A Y A, B ]
REH R R — Y AL

(4) ¥ BAEBEAWRGMA b RESEE
M2 F R RGUARRE G, AT 5 R GEAE I
JERGE Ly A Rl R, i R 2 A R SR L,
MR B 45 2 G0 04 AT IR LB vk 5719 a5 4
FYRA.

Z £ X W

1 Routh E J. Dynamics of a system of rigid bodies. London :
Macmillan, 1892

2 Rayleigh L.The theory of sound, 2" edition. New York:
Dover, 1945

30 HERR, sESI . PR AR R R 2 RGN
PRah. EHH PF G P E B BOR KA R
2008 (Taurmaxep ® P, Kpeitn M I. OcuwuisioHHble
MaTpulibl U AApa U Maible KojJebaHUsT MeXaHUYEeCKHX
cucreM. MockBa: T'ocymapcrBenHoe — 3smarenbcTBo
Texunko-Teoperudeckoit JIureparypsr, 1950 (in Chi-
nese) )

4 BOERER. RIS (BN . B Jeat AR#
H A, 1962 ( Babakov I M. Theory of vibrations.
Beijing: Press of People’s Education, 1962 (in Chi-
nese) )

5 B PULMR S, R b A R R AL
1985 (He X S. Mechanical vibration. Shanghai: Press of
Shanghai Jiaotong University, 1985 (in Chinese) )

6 HUWCCAR T R AL TR T 0 g i 2 B 2. PLACE A
T 5 4 5 21 R AU AT ATl A, 1982
(Editorial board of manuals of mechanical engineering
and motor engineering. Manual of mechanical engineer-
ing, Volume 4, Chapter 21. Beijing: Machinery Industry
Press, 1982 (in Chinese) )

7 RS T EERL J12 550, 1986,8(2) 123~
26 (Zhou R R. On the node theorem. Mechanics and
Practice, 1986,8(2) :23~26 (in Chinese) )

8 WA RRTEAK. DEEAXTAREEHY [ A RS R AR AR
RN S1%AR, 1988,5(3):1~8 (Hu H'Y, Cheng D
L. Modal characteristics of a cyclo-symmetric structure.

Chinese Journal of Applied Mechanics, 1988,5(3):1~8



200

2018 4E55 16 4

10

Abstract

(in Chinese))
TR, I L&, 458 = i i, db
AL RUR AR, 2014 (Wang D J, Wang Q S, He
B C. Qualitative theory of structure mechanics. Beijing:
Peking University Press, 2014 (in Chinese) )

FFH, RS, FEERMABIS AT R B BR Gt 2
PGB A IR . k3 TR, 35(2) 262~
269 (Wang Q S, Wang D J. Supplementary proof of some

11

oscillation property for discrete systems of rod and beam
having rigid modes. Chinese Quarterly of Mechanics, 35
(2):262~269 (in Chinese))

B, 22 At B [ A IR 3 BEE. Ao A
1987 (Hu H C. Natural vibration theory of structures of
multiple degrees of freedom. Beijing: Science Press, 1987

(in Chinese) )

ON NODE NUMBER OF A NATURAL MODE-SHAPE

Hu Haiyan®

(MOE Key Lab of Dynamics and Conitrol of Flying Vehicles,

School of Aerospace Engineering ,Beijing Institute of Technology, Beijing

100081, China)

It is pointed out in this paper that there exist some improper statements on the rule of the nodes of a

natural mode-shape in monographs, textbooks and engineering manuals related to linear vibrations. Hence, de-

tailed discussions are made on the theorem of Tantmaxep and Kpeita about the natural mode-shapes and their

nodes, as well as their preconditions in order to call attention from both academia and industries. Afterwards, a

complete analysis is made for the node number of the natural mode-shapes of an arbitrary linear system of two

degrees of freedom. Based on the analysis, the natural mode-shapes of a kind of composite system of multiple

degrees of freedom are studied so as to demonstrate a designable relation between the order of a natural mode-

shape and the number of its nodes.

Key words

natural mode-shape, node,

Received 15 October 2017 ,revised 04 December 2017.

F Corresponding author E-mail ; haiyan_hu@ bit.edu.cn

oscillation matrix,

discrete system



