5514 555 1 112016 4E2 A
1672-6553/2016/14(1)/026-5

B EEE R

JOURNAL OF DYNAMICS AND CONTROL

Vol. 14 No. 1
Feb. 2016

X F Mei 3FFR M5 Noether 3 FRMERI K &
— A Birkhoff Z& %5 A 41 *

ey

(TRINBLE 2 B AR TRE2ABE, R M 215011)

BE L Birkhoff RGN BINISE Mei X FRi 5 Noether X FRMEZ AIAYIC AR, WIS T R T IGBR/INE BEG 7]
YRR Birkhoff s Birkhoff pRECALAYAL 3 A1, 157 13748 73 1] LR Birkhoff 775 Noether X Fidt: KA
fE5 . BFSE 2 1278 20 TS 2 11 Birkhoff /572 Noether 2551 Noether Sy-H /) 51| 5 45 #it Birkhoff % Mei
XIFRUER I TR L5447 e Mei ~7fE 58 22— B SORAZE A 19 Emden 7 R 35 A R BEI 45 5 1415 .-

k487 Birkhoff £24:, Mei XFHRME,
DOI: 10.6052/1672-6553-2015-016

51

[l

B 15 RGERRFR TS S E BT 5T o A
J12 R SR — A5 . X RRME I R 8l T
PRGN R, FEA =S
[ Y 7 4 : —J& 25T Hamilton ] 5 7 JCRR /N 6
T HIAAS P ) Noether i g bt~ s ok TR
FRAETC R /N2 3 T A9 AN A2 M Lie XTFK
PRV = R g Sy 0y R B B 7 2 e
(0 Lagrange KL, hfE, # 68, ) X J1,)7 X4
W55 ) FELE I RER JCRR /N4 J5 AT5 SR 2 Iy 7
g — R AN R G Mei X FRPED 2 HE KU H2 1E
HEE RGBT T AR RGN Bk =
P FRE: 5 = Fh <7 15 & ( Noether 5 fH 3, Hojman
SPE DL Mei SPREAR ), MOHA B Z A OC R,
SUAERIBEFEAN R, A< 30 NAS 53 [0 8 e HOA AR P
B2, LL Birkhoff 3 45 2 4l B 9% Mei Xf Fk 1 5
Noether XfFRME i HSF1H 8 Z [ R, B4,
FSCHR s ) 4 A B

1 BT IR/NEMITEEEMAB Birkhoff
o # B 3E 53 () 7R
Birkhoff R 4E1012 3 T8 N

2014-11-26 HCHI 1§, 2014-12-21 HeEI ISR,
* E R AARBHFRE S BT H (10972151 ,11272227 )
+ WIA/EH E-mail ; zhy@ mail. usts. edu. cn

Noether XF#5:,  sPlEE, K&H

., 9B R
Ol =S~ o = 0w = 12,200
(1)
AR, = R, (1,a) H Birkhoff S %(41, B = B(;,)
>k Birkhoff PR, T
oR oR
0, =2 2
e 9dt 9a (2)

FiA Birkhoff 5k i, 24 detc ) # 0 i, RS AT
5, AT A

N (3)
da’ ot

Hha"Q,, =4,, , XH Q" FrH Birkhoff ii17 7k
H.

SIEmFa] ¢ AR o B TCRR/NAE

t =t +At,d () = a(p+ Ad"

(=122 (4)
I

t=t+er(r,a),d" (1) = ad"(D+ef,(1,a),

(w=1,2,-2n) (5)

Hor e ATBRNSEL, 7, €, IO/ A2 7
PR AR T, BRI IO ]

d d
X(O)=T5+§”QF (6)



14

KB KT Mei X FR1E S Noether SRR 9 IE Z-LL Birkhoff 2248 441 27

X} F Birkhoff R4 (1), #4) 2 3 T o B /INAE B
Jolal fAE AT # Birkhoff p&%{ Al Birkhoff pR %52 1)
A543 )

SRARITZ bR

12
Ay) = J‘tl{X(O)[Rﬂ(t,av(t))]dﬂ(t)—

X LB, a"(1))13de (7)
TEL5 NIRRT
|, =dd |, =d,
(w=1,2,-2n) (8)
T AR AL 7] R

UMz pA (7) WA FR Ry 18 2 B3 sl A
ZR(T)TE o = o (1) SR )B4
HAZ R I SA =0 Kb

209X (R )
oA = [ [ e + X (R o -
g da [
0>
M&a”]dt -0 (9)
da

FIFH FEA A (8) KL R se 4 K &

dda* = éda"(y =1,2,---,2n) (10)
FHRE(9) Al KA

209X (R ) d
SA = poon o Y~rco —
J'tl[iaa” a th (R)
X (R
da’
fzz{[ax(m(RU) GX(O)(R,)]M_
t da” da’
X VB aX(O)(R#)}éa"dt o
da ot

]Sa”dt -

1

(11)
B X 8] (AT R R Sa (= 1,2, -2+, 2n) Y4
TS A
X (R GX(O)(RM)](.IU X

da* da’ da"
X “C(R)
TMzo(luz 1,2,-,20) (12)

JiRE(12) S22 43 M (7) (8) /Y Birkhoff J7

2 Noether XFR1E
TETCRR/NVE (O FERT, 1Zoh(7) 28N

i N
Ay = [ IXIR,(1,a"()1a (D -
L

XPIB(t,a"(p)) ]}t (13)
Hor oy Sy 48 il 2, WA e HT IS B 25 Ay -
ACy) FXT & 1) ELAER 5 1

AA =f {[X(U)(Rﬂ)d“ —X(O)(B)]%AH

0> 0>
[aX (R“)d"—ax (B)]At+
at Jat
0> (D)
OXV(R)., X (B)]Aav .
da’ da’
X (R ) AG (14)
FREBIRR
. , d o d
Sa"* = Ad" - a"At,Ad" = —Ad" - " —At
dt dt
(15)

A (14) AR N
12
M =f a{X‘°’[X‘°>(RM)]d‘ XX pl-
I

X+ XOCRE, Mt (16)

Noether XFFRVESEAE AR50 7E TCBR/INVE# T

H— R PE. ISR TR — TG RR /NS (4)
LS5 AYA

A :—fz %(Ac)dt (17)

HAG = G, G = G(t 0> LG REL, WX FRAR
AVERR N AZ 3R (T ) (8) Y Noether XS FRPE. 41
G = 0,0 Noether X Fiik.

= (16) F(17) , 55155

WRAFAEMIEREL G = G, 0) T3 TR/ E
BMIC T, €, R

X(O)[X(O)(R#)]d” - XX pl-

XOp)r + X‘O’(Rﬂ)éﬂ +6=0 (18)

DUIAE AN A P A AR 43 (0] 8 (7 ) (8) 19 Noether
HEXS PR

FFE(18) IR AR 43 A @ (7) (8) B Noether
.

FH Noether fEXTFRPE AT B 35 5 Hh — 28 5F1H =,
BN
FEL X TGRS (T) (8) , AERAFLERLIE %L
G = G(1,a) WAFTCRR/ NI ERTT 7, &, T2
Noether 2558, (18) , | Noether ¥ X B B 452 55
SREN WA ]



28 s w5 #E O v iR 2016 457 14 4
I =X¢ 0)(Rﬂ)éi -XP(B7 +G =const. (19) el
JE— NI N ; ©
SPHE & (19) AT FR Sy A2 43 ) 8 (7)) (8) #Y SA = j {—%al‘daz —%(128('11 +%a28a1+
Noether SFIHE. “
3

3 Noether ITFRES Mei XFFRIERIK F

Birkhoff R4t Mei XJFx 1k /& 45 Birkhoff J7
(1) Hr Birkhoff pR%L B Fl Birkhoff pR%X4L R, 162
P37 R /0N A5 48 J5 475 8K il 2 R B ) — oS AR
,ﬁ[zs}.

KT A2 53 0] (7) (8) 1) Noether X #5 P 5
Birkhoff 245 (1) [ Mei XHFRMEZ AR, AUTF
%%:

2 AZSrEE(7) (8) 1Y Birkhoff J5 72 B
Birkhoff 245 (1) 1) Mei X FRAE ) H1 40 )5 7.

EE3 ABSEE(7) (8) B Noether £ (18) AP
k1 Birkhoff %5 (1) [ Mei X BRI 14546 J5 .
EE 4 Z5rEIE (7) (8) B Noether SFH 1 (19)
R[>h Birkhoff 2248 (1) (1) Mei XF B B4 S 801

Mei SPAE .
4 HHl

B 1. 5 B R PR FEAE 35 44 1) Emden Jy B
‘B a4k K Birkhoff &4t , H Birkhoff pR%{ AN Birkhoff

R R

1 1
B =g (a0t e gt (D",
1 3
R, =- 712,1%2 =- ?al (20)

Hrr o # 0. Birkhoff 5FE(1) %5

—at -1 (gD’ =0,a'-la2 =0 (21)

2
ZeR(7) 45t
A = J'ZZ{X(())( _ %az)al + X(o)( B %a])dz—

1

X(O)[Zl7(a2)2 +%t2 (al)s]}dt (22)

UNHRIG R/ H 1) AR BT ] A

o> d 1 1 9 1 5, 9
R e e 23
X tc’)t e 8a1+2a 5 (23)
A
12
_ LZ.I i].z
—ftl{—4aa +4aa+
1 242 L 1y6 14 24
27((1) +Et (a)}t ( )

Ial&'zz + %zaz‘éaz +1° (¢")8a }dt
(25)
XF(25) 85450 11 20— IGURI 2R DU S5 R AT 73
VNS e R S
5al\ll =8al|t2 :8a2\,1 =‘6az|t2 =0 (26)

LI M Birkhoff Jy#£(21) ,
0A = fk{[a2 +12 (g")’18a' +
1
(—al +t7a2)8a2}dt -0 (27)
THEZ R (24) 785y AA B

_inl 252 L2 1316
M= oGl @7 gad s ]y

1
[a* + ¢ (al)s](—?a' —a‘t)+

(28)

P, A2 e 1) i (23) J2 572 86 (24) 1Y

AR5 [ FY) Noether Xf AR FI I 7 #2 (21) , fi 5K
(28) Al 4

] = 2% (a®)? + %alaz + %ﬁ (g")® = const.
(29)
3(29) J21Z B (24) IR 1O 78 53 17 B Noether <F
P i ph SOk (27 ], A R [ 6t (23) 4 2
Birkhoff 2%t (20) 1) Mei X5, M= (29) S&AH N
f) Mei ~j{H .
i 2. CHPUBY Birkhoff 22484

B = %[(&)2 + (1,

R, =d,R, =da*,R, =0,R, =0 (30)

Birkhoff 7 (1) 45t}

-d =0,-d -1=0,d -a’ =0,& -da*" =0
(31)

ZHR(T) 4

12
A =f {(XCaHa + X P hHa -
B

X(O)[% (a)? + % C(aMH? + a2]}dt (32)



1 3

K3 T Mei SRR S Noether SRR 5 R -L) Birkhoff 245 7 {7 29

T PR/ INVAZ 88 B8 A BT 1)
X(O):il+(a3)2i2
da da

—2a3§ (33)

UUES)

- f [—2d% + (gH)21de (34)

FRA
SA = f [2a°8a' +2(— ¢! + gHda’lde = 0

(35)
L&
M =f_a{%( 269+ (=24 +24) (=240 Jdt =0

(36)

PR, AR e ) £ (33) & 5592 eK (34 ) FH I 1)

AR5 A] R Noether Xf FRPE. FI 72 (31) , H 50

(36) 133

=-24d° (37)

K (37) 17 R (34 ) HH R 9 A8 53 (] f81 1 Noether <f
fE & [A] I, A oo ml & (33) W J2 Birkhoff %4

(30) AHNE B Mei XFFRE, 12X (37 ) & Mei <7 1H

= const.

it
5 g
FFE R 5 5 A S 2 6] 66 56 3 0
TN 7 R 1050347 Iy B 10

A HAA B L. ASCLA Birkhoff 548 54 151 A
AR AR A BEBT ST Mei X1 FRE 5 Noether X FR {4
RHSPEE Z B E R, S5 R A8 53 [R8(T)
(8) S & Mysh J12# 7%, Noether 223 1) M Noether
TAE B Birkhoff REE(1) Y Mei X FRYERY 1 45
TiFE, SRR Mei Y H 5.
Z £ X B
1 Noether A E. Invariante variationsprobleme. Nachrichten
von der Gesellschaft der Wissenschaften zu Géttingen.
Mathematisch-Physikalische Klasse, 1918, 235 ~257
2 Djukic D'S, Vujanovic B. Noethers theory in classical non-
conservative mechanics. Acta Mechanica, 1975, 23 (1 ~
2):17~27

3 AP Lo R S AR e YRR, 1981, 30
(12): 1699 ~1706 (Li Z P. The transformation properties

11

13

14

15

of constrained system. Acta Physica Sinica,
(12): 1699 ~1706 (in Chinese) )

Bahar L Y, Kwatny H G. Extension of Noether’ s theorem

1981, 30

to constrained nonconservative dynamical systems. Interna-

tional Journal of Non-Linear Mechanics, 1987, 22 (2) .
125 ~ 138

Liu D. Noether’ s theorem and its inverse of nonholonomic
nonconservative dynamical systems. Science in China ( Se-
ries A), 1991, 34(4) . 419 ~429

Luo S K. Generalized Noether theorem of nonholonomic
nonpotential system in noninertial reference frame. Applied
1991, 12(9) : 927 ~934
Mei F X. The Noether’ s theory of Birkhoffian systems.

Science in China (Serie A) , 1993, 36(12) : 1456 ~ 1467

Mathematics and Mechanics ,

Zhang Y, Mei F X. Noether’ s theory of mechanical sys-
tems with unilateral constraints. Applied Mathematics and
Mechanics, 2000, 21(1) : 59 ~ 66

FuJ L, ChenBY, FuH, Zhao G L, Liu R W, ZhuZ Y.
Velocity-dependent symmetries and non-Noether conserved

Science in China:

, 54(2). 288 -

quantities of electromechanical systems.
Physics, Mechanics & Astronomy, 2011
295

Lutzky M. Dynamical symmetries and conserved quanti-
ties. Journal of Physics A: Mathematical and General,
1979, 12(7) . 973 ~981

Hojman S A. A new conservation law constructed without
Journal of
1992,25 (7).

using either Lagrangians or Hamiltonians.
Physics A: Mathematical and General,
1291 ~ 1295

RERF. AEORSF 1= RS Lie X FRMEFISFIER. 1%
AR, 1994, 26(3): 380 ~384 (Zhao Y Y. Conserva-
tive quantities and Lie symmetries of nonconservative dy-
namical systems. Acta Mechanica Sinica, 1994, 26(3) .
380 ~384 (in Chinese) )

R RN AR RO 293 ) 22 RGE M LT AE At
b2z A, 1999 (Mei F X, Applications of Lie groups
and Lie algebras to constrained mechanical systems. Bei-
jing: Science Press, 1999 (in Chinese) )

Mei F X. Lie symmetries and conserved quantities of con-
strained mechanical systems. Acta Mechanica, 2000, 141
(34): 135 ~148

S Birkholl ZEEHI—2K Lie APFRHESFARE. MIR02 4,
2002, 51(3): 461 ~ 464 (Zhang Y. A set of conserved

quantities from Lie symmetries for Birkhoffian systems. Acta

Physica Sinica, 2002, 51(3) ; 461 ~464 (in Chinese) )



30 g 1 ¥ 5 & 6l ¥ W 2016 4F5F 14 %

16 fRERFT, g4, ik, EIETE. Chetaev BIIESE 44 R 48 (11) : 3644 ~3647 (in Chinese) )
Nielsen J5 ¢ Lie XfFR VS B —Fpsp it g Jj°g 5 22 BERSE. M Ermakov RGEHYIE AL . YA
EHl2EmR, 2014, 12(1): 13 ~17 (Xu R L, Fang J H, %, 2005, 54(7): 1969 ~1971 (Lou Z M. Form vari-
Zhang B, Wang F F. A type of conserved quantity of Lie ance for Hamiltonian Ermakov systems. Acta Physica Sini-
symmetry for nonholonomic system of Nielsen equation of ca, 2005, 54(7): 1969 ~ 1971 (in Chinese) )
Chetaevs type. Journal of Dynamics and Control, 2014, 23 Zheng S W, Xie J I, Zhang Q H. Mei symmetry and new
12 (1): 13 ~17 (in Chinese) ) conserved quantity of Tzénoff equations for holonomic sys-
17 Lwo SK, CaiJ L, Jia L Q. Noether symmetry can lead to tems. Chinese Physics, 2007, 24(8) : 2164 ~2166
non-Noether conserved quantity of holonomic nonconserva- 24 Jia L Q, Zhang M L, Wang X X, Han Y L. Form invari-
tive systems in general Lie transformations. Communica- ance and approximate conserved quantity of Appell equa-
tions in Theoretical Physics ( Beijing, China), 2005, 43 tions for a weakly nonholonomic system. Chinese Physics
(2): 193 ~196 B, 2012, 21(7) ; 070204
18 FulJ L, Chen L Q, Salvador J, Tang Y F. Non-Noether 25 MR, AR RGN R S s E . J T b
symmetries and Lutzky conserved quantities of themecha- BT R H AL, 2004 (Mei F X. Symmetries and con-
nico-electrical systems. Physics Letters A, 2006, 358 served quantities of constrained mechanical systems. Bei-
(1):5~10 jing: Beijing Institute of Technology Press, 2004 (in Chi-
19 Mei F X. Form invariance of Lagrange system. Journal of nese) )
Beijing Institute of Technology, 2000, 9(2) ; 120 ~ 124 26 Wong J S W. On the generalized Emden-Fowler equation.
20 Wang S'Y, Mei F X. Form invariance and Lie symmetry SIAM Review, 1975, 17(2) : 339 ~360
of equations of nonholonomic systems. Chinese Physics, 27  JE3E, 7K 5% Birkhoff 22 4t 8 Mei % FR14E 5 3h )1 5# 6 )
2002, 11(1):5~8 R PRI B 4 (B ARBEERR) , 2011, 28(4) -
21 5K IEA, B 9. Birkhoff £ 45 i) — 288 B <1 fH 39 ~45 (Zhou Y, Zhang Y. Mei Symmetry and inverse
. YA, 2004, 53(11) ; 3644 ~3647 (Zhang Y, problem in dynamics of a Birkhoffian system. Journal of
Fan C X, Ge W K. A new type of conserved quantities for Guangxi Teachers Education University: Natural Science
Birkhoffian systems. Acta Physica Sinica, 2004, 53 Edition, 2011, 28(4) : 39 ~45 (in Chinese) )

RELATION BETWEEN THE MEI SYMMETRY AND THE NOETHER SYMMETRY
—TAKING THE BIRKHOFF SYSTEM AS AN EXAMPLE®

Zhang Yi'
(College of Civil Engineering, Suzhou University of Science and Technology, Jiangsu Suzhou 215011, China)

Abstract This paper focuses on studying the relation between the Mei symmetry and the Noether symmetry,
takes the Birkhoff system as a example. The variational problem for Birkhoffian and Birkhoff’s functions under ac-
tion of infinitesimal generator vectors is studied. The Birkhoff’s equations for the variational problem are estab-
lished. The Noether symmetry for the variational problem is studied and corresponding conserved quantity is giv-
en. The studies show that the Birkhoff equations the Noether identity and the Noether conserved quantity of the
variational problem are exactly the same with the criterion equation and structural equation and the conserved
quantity for Mei symmetry of classical Birkhoff system. In the end of the paper, we take the well-known Emden

equation as example to illustrate the application of the results.

Key words Birkhoff system, Mei symmetry, Noether symmetry, conserved quantity, relation

Received 26 November 2014, revised 21 December 2014
# The project supported by the National Natural Science Foundation of China (10972151,11272227).
FCorresponding author, E-mail ;zhy@ mail. usts. edu. cn



