5514 545 1 912016 4E 2 A o FEE B E E R Vol. 14 No. 1
1672-6553/2016/14(1)/014-5 JOURNAL OF DYNAMICS AND CONTROL Feb. 2016

FRXEEN—MEICRENH

x|

(B RE TR 5, L 200240)

WE IVRSC-BR-VIEIRICE B P T IR I AFE IR S ML R GUREE P A M o R RGEARR
JE PR TCEAR ELEAT (O TE AR, DU BE 2 19 T AT 2R G 4 R - A TE SEAR R 23 804>, Wi A B
BRI AT REMUE R G AT ENE. BN S TR AT /R SCE B AN TS, A SR T — A &
GEUEW 5 RSy RGEARE , IESAR N AT 8, B IEEAT A M, I FE R AT A I A REGE R GLHE M AaE . 1
Ohy 5 BB S PR IS P, Ve S G (YA P AL b 2R v 110 P AR Ak L. K R Al A R PP R B 15
WA ST B 5 8 0 B RERIE S LIRS J1 5. th T2 4018 Sl A BB ) B, B2 R 4 545
TS RO T AN SE ), AN SR VR FRA% 199 G 23 BE AR /IMEL 2% 1 0 7 - A2 5 1. A TR
SCRE B RN TE AR, BB T B A AT U TR 3 PR AY R GERREE . LAIR BILIE A R e R BR A
P = A TRV RS B9Y H A A — U ARUREE M S 1. A% 1T A 51 0 S R oA 3 3, Ol i AR — AN IE

SRR AT PR SF AR GE. HY IR ERAB A g T A AR 5 AR E

KEgiE  JFRSCER,  BERENE,
por: 10.6052/1672-6553-2015-027

51

i

FF/R 3 (Lord Kelvin) fl & 45 ( Tait P G) F 1879
IR, R A VIREHRR (Chetayev N G) J™ 45 1IE B 1Y
FIRTZRNE R G M2 B AR SF R
FE L FHEE O HANFRE B (BA IE AR AR AR A
MECH ) A%, 0B 48 7 i i A AT fi R G AR
FE . A ANERE B AT A, W h A B A8 A\ R ek
ARG R EE T B ER W A BAEIE.
ALET ZAHERG U A RTREARE,
AFEE BE A B, HARE A TE AR, BB IR ) )
AL RESE R GEH AR e . AT VE A R SO Bl
KT PRI 5Ema ORSF R GERaE PER AP FE.

SIHUERE AR 2 2% R e O A
AT AL & B0 A TEN e X
ORI, A T2 iz sh v A R E )
W, MR RG S BES % RIRSY J135 96 A5 [
BT AR ERHRITE IR R A SR hiAs 9 H
S P LSRR /M SR A B P AR . AR T

2014-03-26 WL F 4 1 Fi,2014-04-22 UL EE iR .
T HIA/EH E-mail; liuyzhc@ 163. com

TG AT AR

B S

IRSCHE B _E SR ST 26 Bk ERABE T A9 I A BT
BB A0 LIRS RGEMATE e NS E . AR BLIE
TR AR GEFNBR A AR TR A% BT H R — K
AT RIFEE A .

1 FRIYEBHIAFEFEMF

I AR REATE , Mg A8, H
FEEELAT FEZAR  IFE IR T A I A RESE R G 4% A
iE.

UERR AT FEIR ST 9 — B B IR ST R G A

TR — B N
my 0%, 0 g\ [x
(O ml](x2)+( -8 0)(x2)+
kl 0 Xy 0
(O kz](xz)z(o) (1)
FRETT R

agA* +a,\” +a, =0 (2)
Hr



%14

XHERE TR SCE LG —

A R 15

a, =g +mk, + myk,

a, =k k, (3)
MAGAFAEEM, W ay =0, B0 &k, 5 k, B3R
T AR— e, Bk, =0,k <0. TCFEIR I (g =
0)HIEIAMR A =/ Tk, [/m, 5T REATE, AR
FEFER 1. BEPE IR ) FE AR TR AR (R N

k -
AL (4)
m,m,

AT & > my [k, Ll 2, 0 3E 2 RFAE B4 S 4 1
AR R R I BEIR T BERE LR T R GLHE A E

2 AEEFINFERESER

TEVIAHE o, IR i IRSY J15 iz s
S A AFAERE AT HORLAY .

H=T, - T, +V = const (5)
Hoh H Wi ek K, V R AEE, T, A XHE S
i, T, = mrol/2 W 5E N BOAE T 134 RE. 3
H e R IO R SO R RSB A RS B Sl ) .
Bt - T, 5 V ZHAE & IE#HE ( modified potential
energy) 04 V"7 B ST 1 5 RSO BTEE J1 A
I L 2 E AR IR DR ST T3, 0 5] 3 e % Y
EBIESE R SN SH Ry 5 IR
B HER] AR TS

H=T,+V" =const (6)
ANJTE AL T ARR S BIRZS, U) T, %, VO BRUE
{H. BTz A vtz st AEE R 3hae 7, ik
Bl RE I IEE AL a0 VT RS Y I R A,
MR KR H IO IESE. JH D 2R R R B
HR AR 2 e 5 v s B, AR 2R v B AR D - A A
FE- VT IE SE R A5 RV R O /I 5 F. DT IR
B B TESARE V™ 75T 07 AL SRR A AR /M -
B RR L PR 053 25 . TS B H 2 BRI AT 4 e 25
HE AR RES R

A bR B P g 5 e S G i) R L AR
AR Z st T A bR R ERE 7 A AR AR
JIAAINT S5 ERGE VIR LA &SRR
PEHR R B IERGE VT AR AS T BE X B PR
AR, A SCHORE 5128 14 PRI B H e B Tk
W2 2R 8 1Y) S R )8 Oy 52 @ 160 B 240 R4 J5 s

WS E k. i TRRARIE 1 5 B R 2 LR A Xz
BIESEA SR E VERIBT OO R~ — et
A FCVERI IR B H 5 2 B 3 ke 4 A 153 1
- E 1.

3 “HRRsrREN

VER EEA R R 2, IR RGTAEE
PEC 2852 18 by S R A A B AN i 52, (H
ARME 2 H BT A A BEAT R [ P A TR AR AR A
BBy, A 51 71 SR O AN TR
P S BT 16 UMV RS, o0 BT AT 51 J13
R, B IBE T I/ 0 200 52 Ptz sl 9 ) FR B

I, HeE SR T 18 5 408l T 1 — B 1A A
TE , 5 PR AE IR E LR AR

PAH ERFIHER AL AR R G R ). B b ER AN
HERIBR N my,my, B0 0, 5 0, EEE d,
HARGERFUL 0 KR a,,a, 72530

m,
a, :( )d,
m, +m,

azz( ’"1 )d (7)

m, +m,

HERFIHER 7T SE O midEFA% a) F a, B HLIE
B UL O REA, 0 R0, 5 0, BEL N«
b, S UE T AR AR AR (O-xy). B
Gm, NHIERFN A BRI G I Z%8, 6 WA HH 1
B, (O-xy) WS A JE w, AT R TR 1)
Sl pmy /& BT mya,w) , B TR N HEBR G
T3 pom, /d* 5B TT mya ) BT S HAR

wzzﬂl :Mz _ Myt
‘ d’a, d’a, d’(a, +a,)

o fi ®

/ﬁ\:EFIM =uy MU, m1>mzaﬂﬁ{u%ﬂgzéjﬁ‘b 0
ek 0, BA. ARG 0, ZERIALE
MEAR N Ly, 5 0 SRR R r=va® +y ().
REMBIERRE V" R

V"= —mz(’%+%wzr2) (9)

PP HRR SRR LA A5 s o, Bl 2, =d,y, =0.
R — UG AR e Pk W 7 i, 8 e R IR T,
G T ERAE(O-xy ) FARXTZE B 8l 127 07 72

=6m, ,u, =




EC I

2016 445 14 %

m, (% —2w:y) +(aV* /ox) =0 (10a)
m, (¥ +2w;x) + (V" /dy) =0 (10b)
ZS
x=x +&,
y=y,*tn,

RATTRRH (10) ALLRER &, m 09— WKL, AR AE
) R
m, (¢ -2w,q) + [ (V™ /ox) &+

(V" /axdy) m] =0 (11a)
my (1) +20.&) + [ (8°V"/oxdy) & +
(’V* /9y’ ) m] =0 (11b)
Hrp
(*V*/x’), = =3m,w’
(°V*/ay*), = (8°V* /oxdy), =0 (12)

g 2 AL (11) g B EBE I ) 30, o X
(12) fRAJG 5 HRHAE 7

A (A =3w)) =0 (13)
REFME & — AR A =0 F1— N IFSEHR A =Bo,.
WA IR SO BRI bR wb 78 454, BB g i
ATEATEE M ORSF RGN E. S B 7
L (11) Hr g BHERAST M g, Rl AR h

A (A +l) =0 (14)
FREAR A =0 FoR A NTHUEYIZ 7 [ (1 il M7
HLASN, B A = + i, F2R48 1] MK 5 ) 1
TEAT , ZIAB N NIIE w, 12 3. B
TG IASEATEE DRSF RGN EE.

y

0,0 d O,

Bl —fhRg
Fig. 1 Two-body system

4 FIHEEA R ARIRRREE

INBEMIAAE ARSI 1 s gl 2 5
J15 W BB 3 2 AL BB 2R 2 p g R 1

SRR, a0 TR A AE b BR- H Bk 51 5 v i B aE
Bl R AR RGNS H AR R (O-xy) , BT
ym B RAY P AR A 5105 B RS RES

V= —m[%+%+%wf(x2+yz)] (15)
;H\:':F'PI P2 j’ﬂ%ﬂﬁplﬁ 0, Fl 0, E"JEE%(@Z)
y

—4 _10 a,
Of——d —0,

2 HH RGP O E

Fig.2 Position of the spacecraft in Earth-Moon system

pr =y (x+a) +y,

pr =/ (ay =x)" +y° (16)
ABEIEFRE VT XS,y B SBONE, i NIk
e A 5111350 0 5 AP E L (i=1,2,
=,5) OB HIAS B H 5 ( Lagrangian points) [3.6-71,
Hop Ly Ly Ly S AGTE » 9 ( ~ay,ay) , (ay, ),
,—a) IXKEN, Ly, Ls 5303k O, F1H Bk 0,
G d A = (18 3).

(-

B3 Rk H
Fig.3 Lagrangian points



%14

KUAEAL T 2R SO PR — D ETC S 17

ST Ly, Ls B frka et 118 Ve Xt e,y 19
1

pls :p2.s :d’
X, +a, =a, —x,=d/2,
y, =V3d/2,

733

(°V*/9x"), = —3mw/4,

(°V*/0y*), = —Imw’/4

(V" /axdy), = =3 Bmw’ (1 -28)/4  (17)
Hrrs=m,/(m, +m,). &M P LEVH AL E BT Y
LM IR 51D AR, SR my DL
Fri m AR #5200 (17) A0A, g £ B B )
T, S YRR TS R S 2 (13) AH A RO (R — 4>
B —AIELAR A =Bo,. BRI, 45
k7 FRAE

A+’ +(27/4)0'8(1 -8) =0 (18)
fiff HRFHE AR

N=—(0/2)[1+/1-275(1-8)]  (19)
S A BBl AR S, Bl — R AR AR

1-278(1-8) =0 (20)
AIEEsk 6<0. 0385, 5 m, <0. 0385 (m, +m,). ¥
BRFNH BRA BTREER AR B 8 =0. 012, 45
P ENE L. UESERE AR 7 i i AR A% B H S
Ly, Ly WK ERE ke

TE B3R AR R GRS B H R B RS E PR i
H, ZC12) F1(17) B IESEE V™ 1 Z B 5 503
INTEEETZ R VT IR ME 2. ASTTRE
AN SRV LS B H 5 B 1A P, (HA G
JERIRE B H E B P ERR S R DA E. X Ltitl
P37 AR A P 20 B i T AF AR AR & T
Il FHAE I , WA REAf 2 I AR Lo vk R G ny FooE 1k, (B
AT Ry oF A (R A SR A B H R 55 S B A 1 R
G I fRLfiF %

5 #Hig

1) AR T IR SCE B AN TE , A R AR AR A 47

AN IESAR A AT E RS R GE W REAR BIFE I8 ) 4%

2) SPENERRAEBIES T R AR B O B
VERPRSY J1, B 2L T 5 B0 S S RE B S R R
SERG. t TG A s AR R T EOR BB
— AR B AS S LA B H 5 ) W A ik
TRAF RGP A E 1

3) A BEIR T A RE B S 2] e e AR A5
P 2R A E T R MR REATE T /% SO BEA AR SE L. X
I B A ) RN A% Y A 8 — Y R AR A 1k
3 AT S Bk iE

2 £ X W

1 BRI @bt N Jbnt: 55208 kL,
1992 (Wang Z L. Stability of motion and its applications,
Beijing: High Eucation Press,1992, in Chinese)

2 ERARE L SRR, R IR. B SRR E . Jbat: hE R iE
R4t ,2001 (Shu Z Z, Zhang J Y, Cao D Q. Stability of
motion, Beijing: China Railway Publishing House, 2001
(in Chinese) )

3 XIEAE. @A Sh g oe. et mSF HCE W L, 2001
(Liu Y Z. Advanced dynamics. Beijing: High Education
Press, 1992 (in Chinese) )

4 Yeraes H I. VYcroitumsocrs npwxkenuss. M. Tocrexuspar,
1950 (58 3%, dz sh A e v dbat: B Lol i et
1959) (Chetayev N G. Stability of motion, Moscow: Na-
tional Technical Press, 1950, (in Russian))

5 Mepxkun [I P. T'mpockomdeckue cucrembl. M. Tocrexuspar,
1956 (Merkin D R. Gyroscopic system, Moscow: National
Technical Press, 1950 (in Russian) )

6 Kreisel M K. Theorie und anwendungen. Berlin: Springer-
Verlag, 1971 (A ST45 EARPF. PR IR, it 5 i .
JUET B Tl 4t , 1983 (in Chinese) )

7 Meirovitch L. Method of analytical dynamics. New York:
McGraw-Hill, 1970

8 Rimrott F P J. Introductory orbit dynamics. Braunschweig:
Vieweg & Sohn, 1989

9  Breakwell J, Pringle Jr R. Resonances affecting motion
near the Earth-Moon equilateral libration points. Progress in
Astronautics & Aeronautics, 1966 ,17 ;55 ~74

10 Leiphltz H. Stability theory. New York: John-Wiley,
1987



18 g 1 ¥ 5 & 6l ¥ W 2016 4F5F 14 %

A NOTE OF THE THEOREM OF LORD KELVIN AND
ITS APPLICATION

Liu Yanzhu'
( Department of Engineering Mechanics, Shanghai Jiao Tong University, Shanghai 200240, China)

Abstract According to the theorem of Lord Kelvin, an unstable conservative system can be stabilized by the
gyroscopic force when the number of positive real characteristic roots is even without zero characteristic roots. In
this paper, it is proved that an unstable conservative system with zero characteristic roots and an odd number of
positive real characteristic roots can also be stabilized by the gyroscopic force. As an application of the theorem of
Lord Kelvin, the stability problem in a non-inertial reference frame rotating with constant angular velocity is also
discussed. The rotating coordinates system is regarded as a formal conservative system with potential energy
including the field of centrifugal inertial force. But the rotating system is not equivalent to the conservative inertial
system, because there exists the Coriolis inertial force in perturbed motion. Therefore, the Lagrange theorem of
minimal potential energy is not allowed to determine the stability in the formal conservative system. However,
when the complimentary condition of Kelvin’s theorem is employed, the unstable formal conservative system can
be stabilized by the Coriolis inertial force. The stability problems of two-body system with circle orbit and the
Lagrange points of restrict three-body problem are analyzed as examples. Both systems under the action of
gravitational and centrifugal force are unstable with one zero and one positive real characteristic root. When the

Coriolis inertial force is considered, both unstable systems can be changed to be stable.
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