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Table 1  Comparison of natural frequencies by the analytical Timoshenko and Euler — Bernoulli
beam models with FEM results for variable cross — section beam
C Ord FEM Natural frequencies /Hz ( Theory method ) Relative error/%
we T N=2 N=4 N=8 N=16 N=32  N=2 N=4 N=8 N=16 N=32
1 28.50 26.96  28.09  28.43 28.51 28.53 5.404 1.439 0.246 0.035 0.105
ss 2 1192 1242 117.5 1189  119.2  119.3  4.195 1.426 0.252  0.000  0.084
3 267.1  259.2 263.6  266.0 266.8  266.9 2.958 1.310 0.412 0.112  0.075
1 67.52  65.15 68.19  67.82  67.63 67.58 3.510  0.992 0.444 0.163 0.089
CC 2 185.1 192.2 185.0 185.6 185.2 185.0 3.836  0.054 0.270 0.054 0.054
3 361.9  353.9  355.1 362.2 361.6 361.3 2.211 1.879  0.083 0.083  0.166
1 18.94 16.19 18.21 18.78 18.93 18.96 14.52 3.854 0.845 0.053 0.106
CA 2 80.00  66.26 76.28 79.14 79.89 80.08 17.175 4.650 1.075 0.137 0.100
3 198.6 191.2 189.1 196.4 198.3 198.8 3.726 4.783 1.108 0.151 0.101
R2 BAFMEMRE - BHFFREREHFRREIHREXLL
Table 2 Comparison of natural frequencies by the analytical Timoshenko and Euler — Bernoulli beam models
Natural frequencies /Hz Relative error/%
Case  Order FEM Timoshenko model Euler model vs. Timoshenko  vs. Euler
N=16 N=32 N =64 N =128 N=16 N=32 N =64 N=128 N=128
1 277.4 276.9 277.1 277.2 277.2 285.2 285.4 285.4 285.4 0.072 3.070
SS 2 1090 1083 1084 1084 1084 1193 1194 1194 1194 0.550 10.249
3 2233 2210 2212 2212 2212 2674 2676 2676 2676 0.940 21.086
1 624.9  628.2 627.5 627.3 627.2 676.8 676.3 676.2 676.1 0.368 7.625
CC 2 1571 1572 1570 1570 1570 1855 1854 1854 1854 0.064 17.939
3 2798 2777 2775 2773 2773 3629 3626 3625 3625 0.893 30.537
1 186.5 187.1 187.4 187.5 187.5 189.3 189.6 189.7 189.8 0.536 1.443
CA 2 745.8 751.6 753 753.3 753.3 799.4 801.4 801.8 802 1.006 6.706
3 1712 1723 1726 1726 1726 1986 1991 1993 1993 0.818 15.670
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A SOLUTION FOR VIBRATION CHARACTERISTIC OF TIMOSHENKO
BEAM WITH VARIABLE CROSS-SECTION *

Cui Can Li Yinghui’

(School of Mechanics and Engineering, Southwest Jiaotong University, Chengdu 610031, China)

Abstract A method for bending vibration of variable cross-section beam was developed. Based on Timoshenko
beam theory, the transverse oscillation equation of variable cross-section beam was derived, which allows the pa-
rameters, such as effective shear area, density, bending stiffness and moment of inertia, to vary in a manner of
continuous and non-continuous related to axial coordinate. Then, the beam was modeled as a number of segments
connected by continuity condition, and each segment was assumed to obey characteristic of uniform cross section.
The relation of modal functions of contiguous segments was derived by using the conditions for continuity of dis-
placement, slope of deflection curve, moment, and shear force at the connecting point between contiguous seg-
ments. Furthermore, the modal functions were determined for simply supported boundary conditions, and the nat-
ural frequencies can be obtained using Newton-Raphson method. To verify the effect of this method, the first third
natural frequencies of a model were presented. The first three-order frequencies of a variable cross-section beam
with the common boundary conditions were calculated by applying the new method introduced. The finite element
results were adopted to verify the proposed method. Through the comparison with the results for Euler-Bernoulli

beam model, it shows that the proposed method to solve the natural frequency of the beam with larges slenderness

ratio has a better applicability.

Timoshenko beam, variable cross-section, natural frequency, bending vibrations
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