56 45 3 1 2008 4E 9 A o FEE B E E R Vol. 6 No.3
1672-6553,/2008/06(3)/1984 JOURNAL OF DYNAMICS AND CONTROL Sep. 2008

% 7192 ne (e ARV AE BB E E AT Lyapunov F2RE 1"

B R A
(1. L RGNS A shfb TRE2EBE, LifE 200235) (2. L R2E S5, LIl 200444)
WE T Kirchhoff gy Jy=# L8 AR, WF % JE 152 48K 167 & H71 53044 40 B AF 1% Lyapunov 2 ¢ [A] &1 F Cardano
FORBRM LD ARYE Kirchhoff J5 R # 57 F 19 - i o3 B2, A5 20 T 19 i 52 7 BB e 1 FFT ) 1) B 4 -1 e
ST B R R BN LA sh O AR, ELR W S HUE R B IE EE, S B R AR B (R R A TR o

Fi ). A Floquet FiE518 T H Lyapunov 28

TR A RRE I BN,

SR EHURIE,  SEANEE,  Kirchhofl J7FE,
51 &

2 S SRPEAT ELEP B RO AUE PR AT 7T B A IS A

B3 s, % 50T 3B ) 3] Daniel Bernoulli A1 Euler
(1730) . Euler #2579 41 H AT A9 Fo e M B 7E 3
PR P22 BT, e M © ok i
JEFFARZRE J) I E SR R Z —. BR324, P ik
SEUTRIERAE T B 1, U\Wﬁﬁﬁﬁijﬂ?ﬁﬁﬁ"ﬁfﬁ R
RAEAN ST, R e )l HAT E 5 ) TR 5
INEAT R ZS ]2 *ﬁiﬂﬁ_fﬁ&ﬁﬁﬂﬁ < [F) if
REAE 1883 4, A. G. Greenhill 51 T [5] #% 1 98 1k

SIS0 B R A b 5 A

A (1)

H +F, = N
FRA Greenhill A5, Horfr A BRI B, E 22 70
ALK VR DNA (%) J) 225000 s A AT ) 2% 5
BT FIITE . e H 40 S R A K
SRR IL T BT , X) sHU P 40 AT P A AR e M
%T%%%ﬁ%““%%?KMMﬂ@ﬁ%wﬂm
AR T S AT 1) Lyapunov £2E PEREAS, T30
T 5 Euler F2E M R, SRMEANAT Y Lyapunov
ke D e =R OR A S TR R A b AL I AAE|
db%f]***ﬁ%ﬂ’]* MR B B HF
BB R IR B R . AR SCIFSR R IR
AT IR e E T T B P ARRAS Y Lya-
punov FgiE [A] @ T Kirchhohh Ty 2 % 1 4 V- 45

2008-01-26 ICEI4 1 75 ,2008-03-11 Iy FI & M.
* [E K A ARk BT ) I H (10472067)

P, BRI T4

SE RO HEAT 1R A s ) X AR A R,

BHF, Lyapunov 22, Floquet Fip
fife , L MEAL S BB A A R 5 1% 5

BN AR Floqute BEETEH Lyapunov £ e M.

1 Kirchhoff 532

FH Cardano ﬁ%ﬁﬁhﬁé@%ﬁww wOo-mi A
PSR R ERI T p B p -l A
1:/]?/% ,Jﬂiﬁéﬁ%@iﬁ(%% 5’9’1 »%2 %ﬁ (X,B Y ﬁ :

7 q ¢

x &
B
oV ox

I #IE AR Cardano fiZmN

Fig. 1 Cardano angles of a cross section of the rod

p=indSp —xlylzlﬂjp — )22, P — X337
Hort p = wyyyz, AR 50 ARAR R, B LR
ey ey, ey, Hott e W HY SN R, IR RIJE ol
LIS A, E 1 R, 5 R RN Si, S0,
S.,. Kirchhoff fj5 5z sk '

r =€ (2)
Hofir= Op 16 0 - {n¢ FIHIRFFREN £ = (¢ 7
O S FR AR AR R s 1958k



534

BEZA AT - 32 7 e A1 190 A i L ELAF B9 Lyapunov BEUE 199

BT R M A HLE o Bl LR EA

M=Bw (3)
A

M, B, 0 O
M=\M, |,B=|0 B, 0|

M, 0 0 B,

w, cosBecosy  siny O o
w=|w, |= { —cosBsiny  cosy OJ B

w, sinf 0 1Ay

XM, w, 3 M F o R E p —x3,55,2 5
3B, LBy TN p - vy .y, BAIHUS NI, B, i
HINIEE. (1) A e B st AT 2 B FLICHL
ST PEFFAO T A1 7 L, B Kirchhoff 7572 .

d(SM) -, -
tw 523M+£3E:Q (4)
ds
dFf -
—+w F=0 (5)
ds

Hro® ?‘]P T X2)2% KFIALARAEE o =
w50 T 0" NHSATFRITE, 5 K ey 10 ATFR
i, F IR ERTE p - voy.z A BRRE 2

(2) () F(S) O MR TAR E,n,{,a,8,
Y. F,F, F, EH].

2 Kirchhoff AR EM B EEMKNFTE
TR (2) ((4) F(S) FATERFE
a, =8, =0,v, Z%S,Fls =F, =0,F,, = -F, (6)

b Fo My 98T S e T F P 0 g (7)) B8
(6) MR TAFI AP HRRS, D TR N -

§=n,=0,{ =s (7)

E X v, (i=1-+9)

M,

Xy =a—a,,% =B-0B,,% =y -, :Y_ES

Xy, =F-F,,(j=1,2,3)

X =E =& = -1, % ={ =, (8)
B (8)AA(4) .(3) F(L) , £ i, & i
ekl e

a,x +ax +Fpx+a=0,x, =0 (9)

—Fyx, +x,=C, ,Fyx, +x,=C,,x, =0 (10)

Xy =X, ,%5 = — X ,% =0 (11)

Hrp
M,(B,-B B,-B
—Msirﬁks M,(1+— 2 cosks
B By
a, =
B,-B M,(B,-B
M, (-1 +—=—2)cos2ks Msinz/zcs
By By
-C,
e
¢,
B,cos’ks + B,sin’ks  — ; 2sin2ks

a, =

Bl _Bz

XH k=M/B;,C,,C, R HEL BAR,#(6) 1Y
Euler F2E IR T2 (9. 1) (3208 0] U2 5 FE 7
AEE . A SCHF 5T Lyapunov £3 2 1. R (9. 1)
BAEtrEIE

y =Ay +4, (12)
A

X A 02><2 E2><2 A 02><|
y={ . 1-4= »Ag =
(x ) -a; F, 'a;(ll ’ (—a;a)

Horbr A (R0 T = w/k. 51 NS HL

sin2ks  B,cos’ks + B, sin’ks

La Bl s Bls 0 Bl s 1100 B3
(13)

e (12) TE AL, T R B AR E 1 e 57 B 7 e
€, etk

£=B: (14)
Horp S5 R0 o s IR PRI S48
0 O 1 0
x 0 0 0 1
°° (x’/L) Bl by — b
b, b, bi-b,  —b,
X,
b = _fo(l — grcos’m,s ) _foosin2m,s
b l-o 2T (1 -0)
b :_fo<1‘0'Sin2ﬁlo§) =ﬁ00(2—0—u)sinﬁo§
’ l-¢ 7 2(1-0) ’
5 :mo(Z,u—,Lw'—(Tz) :ﬁloa(Z—M—U)cosﬁLOE
20—y 2(1-0)

ZEUERE B IR T =20/my. 4 o =0 i K5
R , ICEE B Ay {5 .



200 B %5

EC I 2008 455 6 &

3 REMIHE

KRR (6) R E AL N T FE (14) AR
FE PR 2 (14) 2 ) 30 2 50 2otk 55 U Ly
JrFE, °] UL Floquet #8171 18 H Lyapunov £ %
PEE T A A

Z=BZ,Z(0) =E, (15)
BB FRA Z(T) XL Z () HITFE(IS) )
SRR B, B, Ao MBI TREIE

|Z(T) —AE| =0 (16)
MIAR, TRRARHE Floquet 52 38 1)L 45 ME AT LA E
PPEFT B2 R A (6) 1 Lyapunov £2E P,

B AL ESE 0 =0.15,u=0.75 F,iTH&
ANE 1250 m, . fy T B Lyapunov g M.

my =1.5,f, =10. AWK T =4. 1888, i 3

(15) figts
0.0607 -0.2152 -0.2454 -0.1605
— 101931 0.1110 0.1888 -0.2343
Z(T) =
24871 1.6309 -0.2731 0.0995
2.1459  2.7235 0.0716 -0.1014
= (16) SRR A

A, = —0.6683 £0.7439i,

Ay =0.5062 +0. 8624
By L, HYP AR rbd, &40 (12) 2RE
(1, (B R RS (9 — B R W R4
IRERFEN, X FSCHRL6 ] 45 R —2L

2)m, =20,f, =0. JH# K T =0. 3142, fy 2t
(15) fifts

1 0 -0.0856 -0.0298
- 0 1 0.0351 -0. 0342
Z(T) =
0 0 0.4735 0.5136
0 0 -1.5106 0.4735

H = (16) fAFRRIERL

Ay, =0.4735 £0.8808i,4,,=1.0
HAE N 1, HP AR T, R4 (12) 2 RE
(RN W R i A R A2 A
RS ERRE M.

3)mg=1.5,f,= —3.0. AN T=4. 1888, i}

A (15) fipis
0.7105 -2.2669 -3.5702 -1.7808

— 2.1204 0.6534 2.0951 -2.6669
Z(T) = -0.8513 -0.5428 -1.6465 1.1979
0.7142 -1.1610 -2.0584 -1.7036

K (16) fRIFRHEAR

A, = —0.9267 £0.3757i,

Ay, = —0.0664 £0. 9978
AT 1, HI AR, Br DURRRE 1Y, (A 23T
HERE R g MR AR S T RE R AR E Y,
BEE, AR 2 X RS A A

Dmg=1.5,f,= -3.5. JAW N T =4. 1888,

A (15) 45
0.5552 -2.8572 -4.1335 -2.1066
— | 2,684 0.4764 2.4783 -3.1926
= s om0 2038 13107
0.9857 -1.5769 -2.1094 -2.3117
H 3 (16) RAFHAFIEAR Y

A, = —1. 1118 £0. 69899,

Ay, = —0.0664 0. 4053i
HAEIA, L1 =1.3>1, = 1A, 1 =0.7615, FFLL, &%
RO FEHESH T RAFEN . H—i5
W R R SR AR, X FSCHR 6 ] 45 R —
.

EAHE Y, BL B 60 5 v 40 FF - B Y Lya-
punov Fg g Pk, ZEE T il Kirchhoff 3 Fy 2 LA™
AR ANRE] Euler £27E PEAY MRS 25 HL#% Lyapunov
TNk, R AR OC T, AR Ty 0 Ae R 2 A A
i, MRS AR AE 1 FZ K.

Z % X

ISP BB, M. 3. SRR S, JEs R
Jkt %5 7, 1965 : 169 ( S. P. Timoshenko & J. M. Gere.
Theory of Elastic Stability, Second Edition. Bejing: Sci-
ence Press,1965:169(in Chinese) )

2 XUFERE. SRVEANAT BYAE L T2 DNA J7 2= R e
b, JUET, WK 2% B kL & Springer,2006,61(89) :
14(Liu Y Z. Nonlinear Mechanics of Thin Elastic Rod -
Theoretical Basis of Mechanical Model of DNA. Beijing: Ts-
inghua Press & Springer 2006,61(89) :14(in Chinese ))

3 X HEFE. S AT DR Y A g A R L ) 2 5 S
2003,25(1):1 ~5 (Liu Y Z. Mechanical problems on e-
lastic rod model of DNA. Mechanics in Engineering,2003
25(1) :1 ~5(in Chinese))

4 XUHERE, B s, MRS . ST ) sh AT e 1. PRk



534

BEZA AT - 32 7 e A1 190 A i L ELAF B9 Lyapunov BEUE 201

42,2004 ,53(8) :2424 ~2428 (Liu Y Z,Xue Y,Chen L Q. Dy-
namical stability of equilibrium of a thin elastic Rod. Acta

Phsical Sinic,2004,53(8) :2424 ~2428(in Chinese) )

4% ,2005,3(2) :36 ~39( Peng J H,Liu Y Z. Chaotic
configurantion of a thin elastic rod. Journal of Dynamics and

Control ,2005,3(2) :36 ~39 (in Chinese) )

B4 WRar BE, XUREAE. Kirchhoff J7 F2 [0 A X &5 (5 457 2 10 XAERE. FASIBRAS R A s PR AT i RSE P Bl )
FL Lyapunov fg 22 1. 4 #1152 4%, 2004, 53 (12) : 4029 ~ 2 b2 47 2005,3(4) ;12 ~ 16( Stability of a thin helical
4035( Xue Y, Chen L Q. Liu Y Z. Special solutions of rod with circular cross section in relaxed state. Journal of Dy-
Kirchhoff equations and their Lyapunov stability. Acta Phsi- namics and Control ,2005,3(4) :12 ~16(in Chinese) )

cal Sinic,2004,53(12) :4029 ~4035 (in Chinese) ) V1 XREAT:, BT A 8 g DR 5 TR 78 1A R At A ) L
XIFEAE. AP R A8 S Lyapunov £ 2 P )27 15 S0 BR, etk 8l )2 5 4 7 4k, 2006 ,4:289 ~ 293 (Liu Y Z,
2002,24(4) ;56 ~59(Liu Y Z. Compressed bar buckling Sheng I. W. Elastic wave propagation of a thin helical rod
and Lyapunov stability. Mechanics in Engineering ;2002 ,24 with circular cross section in relaxed state. Journal of Dy-
(4):56 ~59 (in Chinese)) namics and Control ,2006 ,4 ;289 ~293 (in Chinese) )
BELE R BE. R AT B2 T Lyapunov & 5E . J1%% 12 Charles W. Wolgemuth a, Raymond E. Goldstein b,
557 ,2004,26(5) ;71 ~72(Xue Y, Chen L Q. Revisit Thomas R. Powers. Dynamic supercoiling bifurcations of
of compressed bar buckling and Lyapunov stability. Mechan- growing elastic filaments. Physica D ,2004,190 ;266 ~ 289
ics in Engineering ,2004,26(5) ;71 ~72 (in Chinese) ) 13 XIAEAE. B2 8h 5. dbat. 5 & 20 & W At , 2001 .96
XUAERT:  fLs. SZ i) SRR A T B ARG e . ) (Liu Y Z. Advanced dynamics. Bejing: Higher Education
2 55 2005,27(1) ;64 ~65(Liu Y Z,Xue Y. On stability of Press ,2001,96 (in Chinese))

equilibrium of a straight rod under axial force and torque. Me- 14 sk, ZETH. &5 2% b e Bl o,

chanics in Engineering ,2005,27(1) :64 ~65(in Chinese) )

2004:112 ~118 (Zhang J F,Qin W Y. Advanced dynam-

9 gl IRERE. MEAAFAVIRTETES. shfiE Sk ics. Bejing; Science Press,2004,112 ~118 (in Chinese) )

LYAPUNOYV STABILITY OF A STRAIGHT ELASTIC ROD WITH NON
CIRCULAR CROSS SECTION UNDER FORCE SCREW*

Xue Yun' Chen Liqun®
(1. Department of Mechanical Engineering, Shanghai Institute of Technology, Shanghai 200235, China)

(2. Department of Mechanics, Shanghai University, Shanghai 200444 China)

Abstract Lyapunov stability of an elastic rod with non circular cross section in straight equilibrium was studied
based on the thought of Kirchhoff kinetic analogy in the paper. Expressing the attitude of a section of the rod by
Cardano angles,the equilibrium differential equation was established in terms of Kirchhoff theory of the rod, and
its special solution when two ends of the rod were acted by a pair of force screws was found which stands for
straight equilibrium state. The linear perturbation equation with periodic coefficient was obtained , where the period
is directly proportional to the torque of the end and the length of the rod,and inversely as the torsion rigidity of the
rod. The circular cross section of the rod was its special case. Lyapunov stability of equilibrium in the straight state
was discussed according to the Floquet theory. It is explained that the torque and compressive force were advanta-

geous to the stability and the tensile force wasnt by numerical examples.

axial and torsional deformation, thin elastic rod, Kirchhoff equation, straight rod, Lyapunov

Key words

stability, Floquet theory

Received 26 January 2008, revised 11 March 2008.
# The project supported by the National Natural Science Foundation of China (10472067 )



