55 B 4 112007 4E 12 H
1672-6553/2007/05(4)/289-4

oo s ERF R

JOURNAL OF DYNAMICS AND CONTROL

Vol.5 No. 4
Dec. 2007

X 2 <7 (B ) —

R 8

= B St A8 X

¥R

(PYAL Tk K== A S4B, P94  710072)

W' AU RS, 25 T — R AR R SN = B A% 3. s aCL =B WENO
PRI =B 2 X Runge-Kutta 7735 9 2 A, f1 T AN K% Riemann [R5 45 26 i 5 pf 25004 e AT LI
W, Jr AAS SO AU PRES 1 A st >R SR 0 5. B e R W 3207 i A B i 0 6.

KR AN IEA,  AsAgal, WENO EFy, BFs Runge-Kutta Jyik

51

I

Pt g 2O T 10 45 % J i ok iy — Pl s A B
T PERAA BR 22 43 T v, HAR SR A K f# Rie-
mann [ 3 2 bR 5 T T BRI
ScH R Jin B Xin 25 T — B A B sl X,
e A R X R gy 7Y < i A A SR A A A oK
Fivit 7 RR AL, 3 FH— Bl XUa% =X T MUSCL 4% X%
Bt 5 R 2 A 2 B A 7 B, B[] A9 8 HEOR FH — e
i Fa X Runge-Kutta J5 k. — B Fl Z B # st 4% =X 7E
Hamilton-Jacobi J5F2 | g Jy 25 Oy #25 HkoK 7
RO R A R T R AL A L 4 T T A5
. 2004 4F ,Sea? d 7O AAIAR AT T RS Y
W 8 T — R A = BRS R AL s A% =X, A%
XIEF BP0 WENO EHS . S B
> WENO H A8 J2 7 R4 3 42 35 0Ok BT 4 H Ok
Ik, B — D IR AR AS— Ik 2 0 U7 4
B AR SCHE T A A T vk, R — b
XA R = By WENO ## Ry FM 7 1L, 44
I A - AN e S /N LY S W g =)
T T BB, X587 0 = B A st A X it = s X
AT T HOER. 5 SRR AR SCH A 38R 1 o e T
HEA TR RN,

1 =ZHrrsigsCagiE

7 [8—AE X S
u, +f(u) =0, uek" (1)
RS A kA T PR SR (L) B4 R

2006-06-30 YL F|%5 1 F5,2006-10-18 i & i

/A LY e

Bl (v —f(w)) 2)

He¥veR"  A=diag|a,,a,, -, a,|&IF % A5
W7 >0 ARt 3R, X R A Y 200 S 7 T4
PR (2) B 2 PR ARp 1R 37 110 R R 45+ ) 3 ]
B AR BAE T

PR (2) A WA FRIEAS f v = A, Y
i 7—0, & F 3 19 F B AF 45 14F ( subcharacteristic
condition ) 57 4"

~JasA=/a (3)
MAnsth 7R (2) B TSP EAE4 (1) B, B
WA FORHERT FUA I f () (AT S — NERIEE @ =

max | a, ,az,"',an%-

Blu,(1) =A1—x Lju(x,t)dx FR 1 %R 1, =
Ly ] UM, A w 7Gxy o) B0 A
w1 (1), FAIBH T IILEAL T 5 (the method of
lines ) 46 A i) B ORI 235 1) B HBCO T, % 235 1) i 4
BN B A7 0 (5 2. BASD 7 PR 4L (2) 7
ey 2 [l B ok

ou. 1

R RUREURSEY

‘3"j+LA(u L —u 1)———1(v -f(u,)) (4)
o Ax S !

Fh_ 2SR, DA € il 1A B, T B ey, 1



290 g h ¥ 5 O

¥

2007 4F55 5 &

Fity, b FUHC AR EE {u, | ERY SR R 220K

u(x) =X p(x;u)x,(x) (5)
X p, (vsu) 58 XAE I, FRYIERME 20, x, 2 Lk
AL R 1 =p; (o Lsu) Fllw 0 =py (g, 15
w) SRR w (o) 7€ ;1 ZE AT I .

g 2 B IR st A 2 1) 56 B 7 T 52 T A R
BRI R4 BT A AL SC 4 B = R kg
LIE DL =B B ol WENO 44 R 3Rl = %
L WENO AR — A B A — Rk 2 it
AT A ASCRF =By WENO A4, B2
MR Z WAL A WENO Jr k& 78 ENO 5
DL LR R Rk i, FLIE A EARUR B ENO Ty
T B PR G ASEAR B S B — S T REALAR 1
B34 , AR FT L E R ABAR 11 0 e e

FERF RS 1, =B WENO R8I

1
- = . =Y (r)
uj+;— _pj(x_;w-é—vu) _’=Oquj+£—’

'y =p(x_L3u) = Tw,qL (6)
1 1 3
A (];E% =?u]- + ) Uj ’qj(i)% = - ? -1 +?uj’
~o _3 1 =), 1

1 -
BGeg =W =y W1 Gjer =5 Wi + o l%“ﬂ%ﬂ]

AR w LB kAR R
AIRUE
o, d, 2 1

@, = 2;1:001," Q= (8 +B,)2 s :0911d0 _g ,dl =§ (7)
- gl ) )
0 = = 201,dy = d, =2 (8)
2 3 3
3! o (e+B,)

A e >0 BGIARN TR EENE, B & =
10°°. W EF B, K
Bo = (. ‘“j)z’ B = (u; ‘“j—l)2
FIZI LT AR EAY p, (x5 + A u) Fl p; (x50
= AP u) 7E xy AR R AR OB AT S O Bt
2(2) PR AS kv = A" A
(v+ ), 1 =@+ Jau) 1 =p(x, 10+ /aqu)
(v =), 1 =(0 = Jau), s =p,(x, 150~ Jagu) (9)
K v,0+ Jau flo - Jau 3B v,y + A u fil
v - A u (5 kA R AR

1
WL :7(1’;(964% w4/ qu) =p; (x]u% W=/ qu))
2./a,

1
/Uj+i =?(pj(xj+% Y +«/(7ku) +pj+1(xj+% v _\/au>) ( 10)

2
Hir u L ,v/+;—§3‘%u% u,’+;—ﬁ] v/+;—99% k4.
ST Simpson 22 L £ (),

Flu), = (fuy,y) +47GE) +f(u 1) (1)

Hefu, =p (x;50).

T HOR st A XA i A P R, — S 17
KA, RO A B a2 AR
LRHEMEME T I RR K ASCRA = 2R
3 Runge-Kutta 7737 %07 W B0 5 75 T AE NI
PERR 3 H 2 20 Runge-Kutta J5 VA 3158, 01 W14 7843
A A A B2 Runge-Kutta 75 12K 114

2 HEESH

TANEA A S ) =B s g e
RW3 37 s i =B shag =02 o RCW3, #4
Bk T HECH 1077, CFL #3552 0. 75.

p m
B 3. —4E Euler ﬁ%%;{m] n (;jc{puz “p ] _
E u(E +p)

0.p=(y~1)(E~£u®). L p,u,m( =pu) ,p,E

SRR R B R AL SRR,y = 1. 4
TR x e [0,1], 7% & T 5H)E R :
1) Sod [¥) Riemann [n] /&, ®I{E 451 A
(p;,m;,E;) =(1,0,2.5) x<0.5
{<p,,m,,E,)=(o. 125,0,0.25) x=0.5
P L1812 18] 3 20l 2a 1 T RW3 A=A RCW3 A%
SCTTAAT 3 % 1, o B AR ) i B e, I sk
FORKE, IS SR EUE . IARECH 200, 315
F| 7 =0.1644. I1EIE @, =1,a, =1. 68 ,a, =5. 045.
3) Blast [ JAIE
(psm;,E) =(1,0,2500) 0=<x<0.1
(p.,m,,E.) =(0,0,0.025) 0.1=x<0.9
(p,,m,,E)=(1,0,250.0) 0.9=x<1
K 1400 S RAs L [ 4, 185 FE 6 25 it ¢ =0.
01 B PP = Fhaats=Cnd it gs 5. 167, 16 8 Fiikl 9
0 TP R LR, T ] ¢ =0. 03 2R, e JE L 4
T ¢ =0.038 BFZIRTTESSF, W 10, 14 11 FE 12
B TR @, =32.56,a, =169 ,a, =411. 8397.




5543

WA S A5 < Xt R <A AR ) — o = B b st =X

291

Fig. 4

Fig. 7

Fig. 10

09 09
08 08
07 07
06 06
05 05
04 04
03 03
02 02
01 0.1 L L v
0 0 02 04 06 08
1 Sod [l 2 Sod [l £ [&13 Sod [a] /% J1
Fig. 1 Sod problem-density Fig.2  Sod problem-velocity Fig.3  Sod problem-pressure

6 T T T 20 T T 500 T T T T

gg + RW3 + RW3 + RW3

8 o ROW3 o0 ROW3 U 8 o RCWS
5 b 1 15 . $

I 400 g@

? [

350

4 ® % 10

B . 300

+ ®
3 5o 5 [ 250 .
. s o U 200

& o ] 150

] @

o o 100
1 ¢ n———— 5

; (- 50 3 H
L
0 L L L L 10 L L L I 0 L
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

% 4 Blast [a]f t =0.01 &
Blast problem at t =0. 01-density

&5 Blast [a]8 t =0.01 333K
Fig.5 Blast problem at t =0. 01-velocity

& 6 Blast [a]f ¢ =0. 01 JE J &

Fig.6 Blast problem at t =0. 01-pressure

20 % 1% 900
+ RW3 + RW3 + RW3
18 o o ROW3 12 o RCW3 800 § o ROW3
@
&
16 10 700
14 6 8
¢ 600 %
12 o 6
500
10 % 4 ?
° ® 40 s
8 2 0
6 . o 300
6 200 M
4 2 ®
fj@ /
2 4
;
o . 5 \ . . . 0 . . oy
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

&7 Blast [a]fi t =0.03 %R &
Blast problem at t =0. 03-density

[%] 8  Blast [a] {5 t =0. 03 i &]
Fig.8 Blast problem at t =0. 03-velocity

%9  Blast [a]#i ¢ =0. 03 & /1

Fig.9 Blast problem at t =0. 03-pressure

6 T 16 T 400
+ RW3 + RW3
o RCW3 4F| o ROW3 350
5
i K 3
4 ] 10
9 ¥ 20
¢ 8
3 200
® ¥ 6
@ 150
2 4
]
100 )
% 2 / 6
1 .
%é of % o
— L
UU 02 0t4 0.‘6 OtB 1 -20 0t2 0.‘4 0?5 Uia 1 00 0‘2 Ufl 0?6 0{8 1
€ 10 Blast [R]85 t =0. 038 % ¥ K 11 Blast [AJ#5 t =0. 038 @ X & 12 Blast [a]f ¢ =0. 038 [+ /1[4
Blast problem at t =0.038-density ~ Fig. 11  Blast problem at t =0.038-velocity Fig. 12 Blast problem at t =0. 038-pressure



292 B oo 5o H ¥ W 2007 455 5 &

5 Delis A I,Katsaounis Th. Numerical solution of the two-dimen-

g ip
3 Hik sional shallow water equations by the application of relaxation
A T — R R RN = methods. Applied Mathematical Modelling ,2005,29.754 ~783

AR 2 AR BB 0 2 SR AT 41, RW3 A 2 6 Bao W Z,Jin S. The random projection method for hyperbol-
. e ic conservation laws with stiff reaction terms. Journal of
I RCW3 5t LA JLP— 3 i s fH RW3 ic conserval
ARFILY—HNBRINR, 1 1:% Computational Physics, 2000,163:216 ~ 248
ATHERE/ MG PO =R WENO H 42 P4
—REWA TG, =R R rhuG WENO iy

7  Seaid M. Non-oscillatory relaxation methods for the shallow wa-

ter equations in one and two space dimensions. International

s IR — RS TR & 5 I8 Journal. of Numerical Methods in Fluids 2004,46(5) :1 ~28
PR AL, FRAE AL A TEA, IR AR 8 Levy D, Puppo G, Russo G. Compact central WENO
A TERS AR = AR T i dek. schemes for multidimensional conservation laws. SIAM Jour-
nal Scientific Computing ,2000,22:656 ~ 672
5 £ X 9 Jiang G S,Shu C W. Efficient Implementation of Weighted
ENO Schemes. Journal of Computational Physics, 1996,

126:202 ~228

1 Jin S,Xin Z. The relaxation schemes for systems of conser-

vation laws in arbitrary space dimensions. Communications 10 L. Pareschi, G. Russo, Implicit — explicit Runge-Kutta

on Pure and Applied Mathematics ,1995 ,48 :235 ~276 schemes and applications to hyperbolic systems with relaxa-
tion. J. Scientific Computing ,2005,25:129 ~ 155

2 Jin S,Xin Z. Numerical passage from systems of conservation
laws to Hamilton-Jacobi equations, and relaxation schemes. 11 Woodward P, Colella P. The numerical simulation of two-
SIAM Journal of Numerical Analysis ,1998,35(6) :2385 ~2404 dimensional fluid flow with strong shocks. Journal of Com-

3 Jin S, Pareschi L, Toscani G. Diffusive relaxation schemes putational Physics,1984,54 115 ~ 173

for discrete-velocity kinetic equations. SIAM Journal of Nu- 12 Wi, BRAED B —FE T WENO TA I 25

merical Analysis 1999 ,35 ;2405 ~ 2439 HIC LA KR S 3 ) 5 i 5 4R, 2005, 3 (2) 254 ~
4 Delis A I, Katsaounis Th. Relaxation schemes for the shal- 60(Hu YM, Chen JZ, Feng JH. A semi-discrete central-up-

low water equations. International Journal of Numerical wind scheme based on WENO reconstruction. Journal of

Methods in Fluids 2003 .41-.695 ~719 DynamLcs and Contml,ZOOS ,3(2) ,54 ~60( in ChlnPSP) )

A THIRD-ORDER RELAXATION SCHEME FOR
HYPERBOLIC CONSERVATION LAWS

Chen Jianzhong  Shi Zhongke
( College of Automation , Northwestern Polytechnical University, Xi' an 710072, China)

Abstract A new third-order relaxation scheme for hyperbolic conservation laws was presented, which combined
third-order WENO reconstruction for spatial discretization with third-order implicit-explicit Runge-Kutta method
for time discretization. The new scheme is much simpler and less computationally expensive than the original
one. The resulting scheme does not require Riemann solvers and the computation of Jacobians, so it remains the
advantages of relaxation schemes. The new scheme was tested on several numerical examples, and the results

showed it had high resolution.

Key words hyperbolic conservation laws, relaxation scheme, WENO reconstruction,  implicit-explicit

Runge-Kutta method
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