5 5 2 #2007 4F 6 A
1672-6553/2007/05(2)/105-7

o F A F R

JOURNAL OF DYNAMICS AND CONTROL

Vol.5 No.2
Jun. 2007

BRI ZRERFEKRETT IR

T

BT

(L VYL T A R TR 28, V5% 710072) (2. RIEBE TS Tolb 2 A 45 M 70 A7 IR 53 B 5 S22, i 116023)

WE TR, PP BRI 20 R R A 80K T Stokes Yt FHEAS B H bR KR, S hAs B H B
R GE E T BB 5 e R R, T A RAS TR A S TP Stokes 39 Hamilton 1E I J7 72, HE T
R B HE L T WO DAy e b B TR ) T , 368 e X BB K S R 25 JEE Stokees [ R T BERH 1 5 12

A R
KR HMEBEER,

51

il

AT, A S5 K 22 2 270 B0 0 2 T, 2
it R A AREhS Y BEAR AR kB sh b
2OV A A WS SURAS B T I BN, W A
E 5y i N0K e RVA SIS IVA Opa R Wy Rr ey G R
SR T BRI RS AN R
SIS R G0, R RE U ELSE 2R 55, W
I TR AR A R, 0 S RE S JH T RS £
BE M S TR 2 1 B Ry 132 FH R RE I &
g5 B B R 2 Y T IR A i
RSB FRETE R TR 3, 1 567 18 T R sk
B ASERBAR AR 5 18 T /N T = Ak
PEFR AR S W00 22, IF 5 R HE 12 69 Papko-
vitch — Neuber T AR fift 1 455 (50145 1 Fp (9 i 1A
BN, AP UE ST WA U1 A 2R 0 P O A9 ) T
FRPEN . 2SR Y Stokes W Eh R — gl
BB TR, KR T S R Oy .
XL GE SR A 7 o — R TE RS I AR R R 1
TR b B R (AT R4 =2 R R -
JiE DA R — W R R - TR
TR LI RE", Green Lk F oo
A5 Oy 1 R A A A PR 28 1) B (L7 S
o T B i A A R 2 B B 4, Sk
[ 15 [t PR E# 7R 1L Papkovich — Fadle FRIE s
R, TS A0 (A 28 B s 58 L) I, 7 S0
BRI AL , HRESE M 20T 25 10 T Tk R AR AN 5 1.

2006-10-13 YL F|45 1 5 ,2007-02-01 Y B & i .

SEJUAE,  RNA]HE4E Stokes i,

FiEh 2y

UNSRAEHEIE 2 s i 3 1R) R | ARG B IR R ST &
GRS DU 5 R, A RT RAAE S LA =5 18] b4y
SRAf. ARSCEET RE DN I3, P 75 RE R ) 2 5 5%
PR %, T IAS R Stokes AU B H pR %L, I
TEIC LR L 5 1 ey 26 00T pR 53, S S2F THT Stokes LY
WAL U 7 2, SR B LA B A AL (H FE AR AIE 1]
i AR B 28 AT RAIEAT 58 £ 10 1IE SSASIE R
SRS T TR I IR AR TE SO R R TT ik 55
P75 18 T AR B Bl 475 25 1 Stokes 3 Bl I, 5%
I 2 e A = i A i, ) BN AR SCHR) 7 ik mT LA A
] B H At/ VR TR RSO B )

1 ZERZER Stokes i BhHYFRHI 7 IEFNA R
L

U=
(-h, D) w=0 (h, D)
z
u=0 | u=0
w=0 x w=0
(-h,-D) u=u (hy-D)
w=0
B IR R R &

Fig. 1 Boundary conditions of square cavity flow

BT ZE AT P [ BE R R PRz Bl A4
AL X Bl Qe R HEE X ik 21, 5y 2k,

* [FI 58 H SR B2 3 4 (10372084,10572119,10632030) , Z 77 s 40 75 A4 4] (NCET — 04 - 0958 ) J 3 B Tk 2 Tk 3 5 4544 20 A7

[ R H i S TP e W i



106 Boh oY

I VB 2007 455 5 &

W25 s B R 5 L A = U7k EARTF 7K 5 [ A2 3k

JEH w, , BRI K7 18] 918 S 8EE N w, , BEETE

DX oS A SRS AN T A G PR DA, L R o, R

FHOH . WITEH Stokes Yt liifh I LT #2175 2 «
1T

oT,,

+—=0
ax 0z

Jo,

(1)

Jt,, d0,

e T

0x 0z
@ﬁ@ﬁ*ﬁ

du, w_g
Jx 0z

TELGE R ST LA

(2)

. (3)

F.=lr +no, =F,
Horp LR n J2 i R EINEL n 5 x,z W IE 0] I A
BT AR 5% FEL E NI S, A -

{F”X = la-x + nTZ)J = F’II

wmu. wew (4)
INDARSINESS ¥

o, = —p;+2ue,, 0.= -p+2ue.,

T. =T, =2ue, (5)
T 5 AR RN

e, =Mg_z, e. =M%_1j, & :%M(%Jr%) (6)

Hb p, AR IE T, u A IR (o), 0.,

o) NN, (e, e ,8,.) NI, (u,w)

R (2 ,2) J7 1] ()R B it
ML GWHEC RN

_or __or

9z’ dx

mESHERR N
E=-V°'r

Horp I oRiisk & ik
TEN T LR A T8 2 -
I'C-h,z) =I'(h,z) =0

2 BEWERTHEHTE

DXk Q2 Y, I AT 265 52 B R D R B A E R
Ak TP BRIRAS  BORE Ui AAR A S ] AP 057 8
A —4UEE RTINS, TIEA

0 oT, J
U e (O
) 0x 0z

(7)

u

(8)

(9)

=, 90,
a—x + Y Yéw | d +

JL(F, = F)ou+ (F, = F)swldS =0 (10)

o de2 = duedz F1 dS 5353172 DX A B T AR DT 2R A
AL A K TR,

XEEPEAEE S, AL AR —
HUBALR , IEATR e R E 2 /2 S, b ,6u =0,
dw =0. RIS FI AR LRSI BTG R dz = =
1dS,dx = +ndS, I@ i 7 FRER S, (A

Jdo, 3 _ ddu _
ﬂ Sudvdz = Jv:a'ﬁudz fiox ddz

2 0x ] ox
! o SuldS - ga %dxdz (11)
DAL AT DA 7 AR 4 i
ﬂ (0.0¢, + 27,06, + 0.8s.)dudz - j (F_8u +
0 S1

F_ow)dS + f[(Fm,, ~F)éu+ (F, -

S1
i’z)Sw]dS = Jj(‘)‘(/wi + el +2ue -PE, —
0

pre)dads = [(F.du + F.3w)dS = 5[ (ue? +
S1 0

S1

ﬁ'ﬁw)dS (12)
o
_obu . _abw . _ 1 adu_abu
de, = o ,0e, = e e, = 2 ( o + ax>

DR B H sRECEE | n] R H
L =pe, +pel +2ue,, +Fu+Fw-pe, —pe, =
Quy woq 1w dwn o dw dwy _
MK&x) +(6z)]+2’u<8z+8x) pf(aeréz)_
Ouv Qw1 duy  dw,
,u[(ax) +<6z> ]+2,u[(az) +(6x) ]+
(13)

BUKs 2 AR ] AL R, FFIE () = 0/0=.
FIANR I g = {u,w] " BAMBAEE p = al/9g =
{Pl ,Pz%T,EI]:

_a_l_ (u+a_w) _a_l_
Pr=gu TRV T o P2 T g, T

AT S 7,0, 0 A p={r,0!".
EIPNCE TR @
R(q,p) =p"q-1(q,q) =7t + oriv —
du  dw 1,

l L) = —0o . —-T — +

2uiv -p; (14)



552 1 5 R I 0 R A 7 107
Juyas _ _ow 1
2,u(ax) Fu-Fw (15) 0 6x+,uT+O nu
FEBE AR 7 R 0 1040 -
R | OR 0%
91=0% p=-00 (16) : (24)
P aq 4, a0 _
‘ L , . —4u—+0+0 - =0T
SIARREME v={u,w,7,0} NIGEHHA 0% 0%
A H, R (16) 5 e 04027 10 nor
b= Hy (17) 0x
S I FIAFAE(E A i 2
- A 1w 0
0 _8% ;17 0 Z OM 0
det| =0 (25)
_ai 0 0 0 —4uA 0 -n -A
H= " 0 0 -A -n
s 00 -2 FATHIRRIE BT 10 S )7
5 (A +7°)° =0 (26)
0 O FURHE( S A = + i (TR, 175 11 LA

H ] W i 1R, DR g AR AIE R UAT 0 Y 4
S AAEED R B S AR B EAT TR L PR AR AE
JE HARNEAE s AAE [n) 1 22 [B] () HL 40 IE A8 R 4
AR ZS BRI B R E P HE ARG A & h kT
PR B AR i i e RS ey

v(x,z) = (x)e™ (18)
AR (17) e
Hyr(x) =mp(x) (19)

Hor g WAEAE, 155K 5 () AR B i, B
ﬁf‘#%ﬂﬂhﬁﬁr‘ﬂﬁﬁﬁ/\#.

3 FIEEmIRNERIRE
FEAAE it 2 R
Hy(x) =0 (20)
2 PR i Sy e 1 R VT 0 AR A
x==xh, u=0, w=0 (21)
i WG ()
v =10,0,0,1}", v, =@ (22)
1 _ hiz _é —x L 1) 2 0)
W _§0,2M(1 hz), 01", v, =PV 429
(23)

AAEf R OO B RO R (17) BOfi, v
EASE I R T, H R e T AL R 1 fig
vy v, Frn T FARIE] Y Poiseuille 3zl .

4 EFBXEERARIER
JEIFAME 5 R A

u=A,sin(mx) +B,cos(mx) +C xcos(1p) +D,xsin(1p)
w=A,cos(mx) +B, sin(mx) +C asin(nx) +D, xcos(mpr)
7 =A_sin(mx) +B,cos(mx) +C_xcos(mp) +D_xsin(1p)
o =A cos(nx) +B sin(nx) +C xsin(np) +D, xcos(nr)

(27)
ATIE LA, C iR ZXF T 2 SR, i B, C
HHIFEXT T 2 Bl G FR.
xF z HHITFR

B (27) & A, C B (24) , Wl 31
X RIS A4 5 R

-n n 1/u 0 YC
T 0 0], (28)
pn- 0 -n | C
0 0 -n -n)lc,
M
-n 0w l/u 0 YA C,
n -n 0 0 |A4, C,
a0 —q q | A | |, -8unC
0 0 -n -n)i4, C,
(29)
ArRAR
c,=C,, C.=C,=2unC,
A, = —A, =1/nC,, A, =2unA, +2ud,,
A, = —2unA, —4uC, (30)

TS H B P, 2% A, A C, JhAr w8 F X



108 g ¥ 5 & 6 % W 2007 455 5 &
(30) Fi—efif ( REC A, C )RR A2 A IR
2nmh —sin(2nmh) =0 (32)

A,sin(mx) +C,heos(qx) =0

{ — A, cos(m) +C,( —1/mcos(m) +hsin(qw) ) =0
(31)

BB AEER M, A A, C, REUTHIAAE,

Moy RITRE(32) BIARES, —n —E 2 HAR,
AT I B AR PR AL SR Ak SR i 7 e
(32),% 1 FIHIAT S DAIEAR.

®1 NREMIEFRIER

Table 1 The non — zero eigenvalues of the symmetric deformation

n 1 2

4 5

m,h 3.7488 + 11.3843  6.95 +i1.6761

10. 1193 + 11.8584 13.2773 +i1.9916 16.4299 + i2.0966

% 1 AJLLE NS — DA EEEA Hoe iR
R B S ALEAE (R, 3 4 AR (R, SR A E(E
., BIAT 45 R (31) By — N P

A, = —%C = —cos’(n,h) ,C, =1,
(33)
SARAEA 7, MR ASE S 1A B h
—cos* (m,h)sin(n,x) +m,xcos(1,x)
)| i g h)cos(m,x) 4y xsin(n,x)
bo=| =] 2umsin? (n,h)sin(, ) + 2 xcos(n, )
| i () ~2m, eos(n, ) +
" Qafsin(,x)
(34)
AR LI (17) 19 Ky
v, =exp(m,2)y, (35)
HURIZ — WO (7) B A (9) B,
I =M< —cos” (1, h)sin(n,x) +n,xcos(n,x)) (36)
AR - R R (8) W H
&, = —2n,exp(n,z)sin(n,x) (37)

KT 2 B XTFR
B (27) 5% B, D f#fRA N (24) , nl 51 H

S FR B 1 77
n -n -1/u 0D,
n 7 0 o|D,
=0 (38)
dug’ 0 -m q || D,
0 0 n D,
-n -n /u 0 \(B. D,
n -n 0 0 ||B, D,
4o’ 0 =m - | B | | D, -8unD,
0 0 n -nAB, D,
(39)

AL
Dw = _Du? DT = _Da' :21“77Du

B,=-B,-1/9D,, B, =2unB, -2uD

B, =2unB, —4uD, (40)
TEHE B, A1 D, SAphsr w R K (40) F— i (2

B B, D) AR (2 A

B,sin(nh) —D,(1/gsin(nh) +hcos(gh)) =0
{Bucos(nh) +D,hsin(nh) =0 )
A HRZEATHN AN R AT
2mh +sin(2ngh) =0 (42)

2 HHHET S ANAIEAR.

®2 RMBREMIEFAEE

Table 2 The non — zero eigenvalues of the anti — symmetric deformation

n 1 2

4 5

n,h 2.1062 +i1.1254  5.3563 +i 1.5516

8.5367 +11.7755 11.6992 +1i1.9294 14.8541 +i2.0469




w2

FHE A BNIK B 2 SR A T v 109

%2 LA A AR (R AR AT e 3 A

NEAE RS2 SE B AAEAE, 32 4 ASAEARL AH L AR
PRI 5
sin’(,h)cos(n,x) +m,xsin(n,x)
o —cos’ (m,h)sin(n,x) —n,xc08(n,x)
b=l =] 2ot h)cos(myx) 43 asin(n, )
| ot () <, yinGu ) —
" Qu’cos ()
(43)
AR )R (17 ) )it b
v, =exp(n,2) ¢, (44)
(GEIV sy
r, =M(sin2(mh)005(mx) +m,xsin(n,x))
(45)
A
¢, = —2n,exp(n,z)cos(n,x) (46)

F I, R T A B AR AR AL (ELAY AR AL i, )
FHASE o K ) B ) SEHE PR, 0] DASR BT E S
HE . R AL (22) A1(23) B 250 (34) A

(43) A2 17X T (21) B 98 A HERT R 2% -
Yo + bty ] (47)

fz”# s R SUR S LR TS

\
Vi
+
o

RSl
o
éﬁ
4

5 &fi

Wi=h=0.5u =1,u, =0. H | [ R
2 FE RO FRIRAS , R HBEA SO0 R 09 B AR
{Efif (43) ~ (46) ZH ).

S U+ S for + far] (48)
Ir= iltfnrn $ Sl A fo T+ [T, (49)
"

= 316+ Ly +fof + [aEL ] (50)

o v, v NI 2 AR A 0, Rt
BIAAEAE — m, XN AIAAE BREL R 1, 1 0, ,0 -, 50 3]
R £, W ILPEARNEAE XN B AE 2R zﬂmi 101
Foofi(n= £1, £2 ) BHER AR, T BT AYA
AN SE. 1 SEBR R h T RGP R 0 30
PEATSR AR , I P30 SR S R 25 43 38

[T =0 )6r + (w0~ w0 Tt de =0 (1)

FErbrw™ o™ S S i ik e X Rz )

P2 SRR S ARIE 5 e (T R A (H R R

Fig.2  Stream line contour plot for Stokes flow in a single-lid-driven cavity

3 AR BR S ARIE 25 i 1 i ek 5 (H LR R

Kg.3  Vorticity contour plot for Stokes flow in a single-lid-driven cavity

ASCHC n =4 HEATSRAME, 1812 NP 3 45 T H]
ARSCIT IRk ) B IR Bl R 25 s 4 9 £ P o
ASE(EZR L. [ 4 25 1 TSGR 13 ] AT Ha g ). 4
ARSCHITH SR S SCHRE R X LT DL Y, AR SCHY
fifp15 SCHK 13 ] A ) & b B BT IBOUR R 3%

SR BORS BER SARN R



110 3)j

2007 4E55 5 &

0+ T T T < T un T T T
0 o1 0z 03 04 05 06 07 08 09 1

P4 SCHRL 13 ] B RS AL 25 J 1)
MRS MR () , ISR ()
Fig.4 Stream line contour( left) and vorticity contour( right)

for Stokes flow in a single — lid — driven cavity in Ref. [ 13 ]
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SYMPLECTIC SOLUTIONS OF STOKES FLOW IN
A SINGLE-LID-DRIVEN CAVITY

2

Wang Yan'
(1. Department of Engineering Mechanics, Northwestern Polytechnical University, Xian 710072 ,China)
116023, China)

Deng Zichen"
(2. State Key Laboratory of Structural Analysis of Industrial Equipment, Dalian University of Technology ,Dalian

Abstract Based on the principle of virtual work ,the Lagrangian function of the plane incompressible Stokes flow
was established from the balance equations and the force boundary conditions. The dual variables and the Hamiltonian
function were obtained by the Legendre transformation so that the problem was promoted to symplectic geometrical
space under the Hamiltonian system. Furthermore ,based on the properties of adjoint symplectic orthonormalization
relationship of symplectic mathematics, the direct solution was used to find the eigenvalues and their respective
eigenfunction vectors of the Hamiltonian operator matrix. The results of Stokes flow problems in a solid-walled cavity
where flow was driven by the motion of either one of its horizontal bounding walls were presented and compared
with other model results, which demonstrated the effectiveness of the proposed method.
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