HIBER Y
2005 £ 12 A

whFELHEEHNFER

JOURNAL OF DYNAMICS AND CONTROL Dec. 2005

Vol.3 No. 4

— M EFARHRNS L SR

R # 4

(BT KER AR, AL 710072)

WE  fE Goodwin 5 Puu {EMAF BEER E, BB T — M WERES 2L FAM AL, G5EM
BEFEHR TRAGERESRRMATHER S BT H. RIFHERK Lyapunov 35H, AL T AR
TS A BB N HER R BT A2 B A RERES B MM ERBSE S BT RN R
MK P AT 2 RE O ; IR E A AT MR A B R 3. BURE A B T A2 MR M T

18 3 A3 12 X B 2 B i SRR

X@iE LUTEM, 2L IRM, BK Lyapunov 3

5l

i

BRI A TS NGB LR BN S
T BT 22 B BB Sk AR & 50 RN
EI P Sl Tk A7 0 AOE Bl gl %
GRS b T2 AR SRR IE S
W, B2 B B BB 0% & R B A 1k
PR AT BRI H A EENSENE.

1951 ¢, Goodwin!? Bi#t T Hicks™*! ) 14 %
R, 54— RS SO R T R A
MR, R T NS TR RS
FRRIEE ISR T AR B E
T R F R 2T R R AR FRIF A . 2004 4F,
Puul®-%' 554 Hicks 978 o SR AR 3 iy [ R e
ABEEAER 32T B R R B R
2 BRI RY , FE 05T T R A9 43 2 IR TE S
FTEIT R . A LT Goodwin Fl Puu B9 TVEHERE
FL UL GDP IBFFE 4, — T, R Goodwin )
BRI B R R AR R S R %
A RW RO, 5 — T, KA Pu B HKE
A SEBRAS LAY T DA 35 A O FE Lk M1 VR B
BB EMA R RERN. BEESEER
WAPEAEE BB T N EA R e BE
AR IR SN A R R R
BERXT Goodwin A7 9 84 #F , X2 % Puu B £
FEA , BLAT— 5 0 AR T SR PRI 52

2005-07-08 W EI 1 #,20035-07-30 W EIHERLH .

1 ZFAmpEn

TREFIRZT T, BOF A RIS, 2
VR BT MR R AR, S
L1, BUR S % FBONBL. &A% B 518, W7
AT BB 4 E R AT LASHR R
Ty AR 2. TR, AT S LBV RS T B
BB 25 AR 5. FE B
WIS HIF o, 205 58 W T B e 5 1 2 o
AR, M SR IR, 3 B R
RIS HOR R R AE A R, Heoh B LR
& Goodwin RI7H #% BREIA Puu RS R

F il Goodwin B115 2% BREUEAE, 1 20 SR LT 5%

C, = ar,.| — S(.l',_l - LTI,Z) + CO (1)
R A Puu BFCHE R BUEAR, IR 18 B R AR
/U]

1 = v(xmy = x) + vla-g - )+ Iy
(2)
BT BN U R 0 R R EA
FEERX ©, = I, + C, F,155).
r=(a=-s+v)a,+(s—v)x, o~
vz, —22)+ Co + Iy (3)
W25 TR AL R SR RARAY AR, TT LB BTG
GV R

r+wt+Q-ag+s—vlz+(l-a)x =

* E % B ARPLERES(10472091,10332030) FIBk A B R B 35 4 (2003A03) BT B H .



40 B h ¥ 5 E H % #®

2005 ¥ 3%

Co = Iy (4)
He z TR (B ),z flz 2HFRR 2 XTF
e ¢ B —B . B R 0 << o <1 HIABRTH B2
M, s <1 MRAFEREER. o HEE RRFEA -
PEHER,—REATRER v > 00EE.Co + I
REARHEREHRBERZM AEH B R BN
O*(t) = Cy + Iy.

N Strotz! 1V BT E AR BB O (¢) ATLARAE
BRE HRHEBHERALHETFIE, ETR
HE B AT MR RN X, Sro! ) %18
T B R BB AR N A=A 8RB B Goodwin 42
TR R M3l S 54T 8 Ml s, AR B —
SE I FHERT , B A& BREOAT LA iR BREF B9 A~ B A
1 Lorenz! ) 155 8 T B & 56 B0 840 = A1 K
B — M HE] B Goodwin £ 5 JA B BRI 31 ) 24T
R ERRVEFRAPEE L ERE, fFE—1
BIWRE T ERAFERT AR -SRI
HMBEAR B, EM—AEKE GDP BEZEH &%
#B A A MER AR TR EL TR
FHR”. T B KRBT AR et ¢ 89 R
R

AR B KRB R R BB, &
O (t) = feosft. f ARG, Q FWR. XHTR
(4) AT RS A—A AR %8 3 1 R G

:’c'+w-:3+(2—a+s—v)a.r+(l—a)x:

feos(:(21) (5)
2 S81TA

EEHETERARREETTF I, 75
GHEMREAETAABEBMEL. RELF¥S
BREF¥WBEXHET . —HH, BHEHIRE
WARIN—FEESTLH, ESERAS Y
\ETE, TUSMEREFRANRT 08 R
A R EEE SN FARAE , T8 7R B R = S
ZXAREEMFRLEME. H—FH, BRELF¥
B RATR T R 252 ERM AL TR &7 B
PR HHE”, TR BN R4 T BIp K
BB RS MR R, BEFT RIS E BT
- HIT] BB 4R X B AR B Y 2 B e sh i e I, IR
MR AR IR R R FA B XK. Mk
BB RS , ATXHEE R R4 LB — 4

FERBEEANFEESSRE. BRXTEAM
B, R EE LR B A LA E M EE
3 R A T R A B R T B L fE L
T B DL B S

R T EEH T R RREAE, LU AEER
FEAHREQG) ERESRELXGTHERS
S E LIRSS M RGBS 14T AR .
EEEA A ORIEN D ESE BERE PR
B, Ma=0.9,5=0.5,0u=2.9,2 =158k
MR (3,0) fE2RaaE, LA 1.

B1 REG) WALHE
Fig.1 Bifurcation diagram of system (5)

ALAE A5 F o 4E A, BORE R
ROEE, (B 3 AN RERIE O, 3 B R G w3 A
BRI AR GRIE) s3Lre. BEE S A A
PROGAZE B34 I, RGem i I 4 T R M (S A
B1) - R - B (SR ) - R - R (SEUE
B1)- JE - R (SR ) - R R ) AR
B RO D B R IR M 3k 2 1008 53 3
T B A AR B 1 A Oy BRI, Ik
Lyapunov #§%p:t14)

0.1

0 b
-0.1 .
. L 4

-0.5

The Largest Lyapunov Exponent A,
s & &
> w ~N

'6 L L n 1 » . L L i
0 0102 0304 050.6 0.7 0.80.9 1
Amplitude f

B2 52R55EEMMAERK Lyapunov #E5HHZ.
Fig.2 The Largest Lyapunov exponent corresponding to Fig. 3



H 48

BRESE . EFAMKEN S S 5R% 41

ETF Alan Wolf!™S! B 48, Lyapunov 8 3 & X

— pn L pi(¢) N
H:d; = lim —log IOL Hep A, BB A

Lyapunov f8 3, J 1 KEI/NHEDY, Horp 2y BB
Lyapunov 36${. p; (t) NESESN N RE RS S
RPIERBMRE A KMEKE 80, &KX
Lyapunov 6 $UH 1E 715 7T KL AR HI M R G sh 12
TR E HERHE. FH R HESE & : &K Lyapunov
FEEA > O0RRIBHIZES, T A, < 0MFRARHMNE
gh. B 2 g5 T LASMIN R 5 O R 0 Dk eR B B R
Lyapunov 8%, KB HH WIHESE 1 [F. AE+
B, WRIBMERN O ~ 0.15 EA4AB X AR K
Lyapunov f& $UCH L A F W HE, HILEL RS
ZEFEBIMEE 1 R XX BT R G B
PURRE 5. HHRBEN T 0.38 ~ 0.45 ZHIA , B
K Lyapunov 8%/ 8 1 BLIEAE , VLA R4 D &4
PR 7 FBEs G R RMEE SR E. 5B 3
B X R 5558 2 B R BT ML, B A Lyapunov
REOEFRERTA Z , WA S R R e
JLARTBIFFAE .
3 RETH

4 1 AR 2, T E B R B &R R
AR 3B 45 T ASE2E3
BRI X S AR 53 19 53 2 8 AR AT 9 (3,0).

P 3 %R T 1 S Tl A 5 2 BRI XA [m]
JB & 2 AT %, Bk Lyapunov 388UE & £ = 0. 382 4k
BRI, X 5B BT RGEmN 7 FBRY
K, B Z RS SRS BE SHUE f
B, 7ER25(0.4,0.43] RE A B 3 A/ A B
O, B RGN £ = 0.401 AR HEMER , EHit
ARBE S AN, RGN E AT — 208,
i 6 R A2 12 A2 R 24 L K
T, BEHFARMRE. G B HK Lyapunov
TR SRS Ry IE M. X R R BB B 2 2
RS, BRI R A ER. #
ApE Y, RS T LR BUR . AP AR 3 )
dhlalifsr, £ RGN £ EENRMESER
0, ER LS RS S, X s Z RhEshift— 5
614 432 B0 RRE s (BRESH £ s, X 26
ARERIE S A7 2 R B RS B 5
FRB A DT AR B SR T X R SR 40 22 R A R,

K T =22/0, * ZEFRR—NZEOE T
SATEHM, 5 8525 PEATR M. X R 5L LA
Bk, LI BRI £ A TF 0.41 5 0.42 ZE]BF, R
AL A RS I 4y 2 BT IR, T B 1R 2 RO (B4
FRAS A0S BT IR, R, X [ 958 3 4
/ANEIBAE DA SIS R A 2 0 R A A X i
WU AE R 2 AT A RS (5) ERIRIER
FEEHE. '

B3 #EE7E[0.375,0.455] M2 E
Fig.3 The bifurcation diagram within the amplitude interval
[0.375, 0.455]

B4 IEHAEL0.66,0.77] KIEIA A2 E

Fig.4 The bifurcation diagram within the amplitude interval

{0.66, 0.77]

B4R 1 PR SR 3 R, A
HEE L, REAT RS 3 HitiR B RLL B A
AT RSB T A A AE s A5 R 2 2 BB
B4 2 IRIAETE s (5 R 20 R0 e IR A R B
B AR R B MR EESAREE ESURERER
RHE.

4 BEEW
HAEENE, YRS EERE T R



2 B h % 5 B #

¥ W 2005 FH 35

KEBH o s, RELRS R R EBRHH
s UL 6 FIE 7. v = 3. 5B, BR T 1 AR
B 1,3,5,7ARLEI, B9 REsL A, I
HE 1 PRRERBET L. HHRKSE v K
BB 4.5, 5B AEHHN 11,13 AL 5
B2 i 26 R A B B 4k IR AT BUBUF AR vk HEF , IR R
TR K8 (B AN (X 8) itk — 2B /N EE B R,
DL 7. BT RS o AT I H R R
Semg N OB GE B, BRI & TR, HEBR T
oAU

47 T T —
o 27
= 0
4

-4

9401

400 9450 9500 9550 9600 9650 9700
t

9400 9450 9500 9550 9600 9650 9700
t

9400, 9450 9500 9550 9600 9650 9700
t

B/s mREGEE. 28N =0.9,5=0.5,v=2.9,0=1.5
Fig.5 The time response of system for @ = 0.9,s = 0.5,

v=2.9,0=135
8 —
6
4
2
w O
-2
-1
-6
g " R L . , s .
0 0.2 040608 1 12 1.4 1.6 L8 1

f

He6 REMERIEE BEHNe=009,5=0.5,
v=350=15

Fig.6 The global bifurcation diagram of system for « = 0.9,5 = 0.5,

v=350=1.75
METFABERE , 2T A RERE D U
RENBFESRENER , BREF RN
e T HEE. REANK FRE S BREL DT
AR BATE AR R B 2947 A IR —RE B R, BT DL AT
T , TR 3 R L H R R T AR R

BEDLEY , AFT B . S8 o EEFRABEES
PR PR, RARYEA - PRI LA A
R BRI - P AT MR B HT A AU A &
J& , T A AT XA R B AR

=

- :
, —
——

f

B7 FEMLERSEE. B8R« =0.9,5 = 0.5,
v=450=15
Fig.7 The global bifurcation diagram of system for a = 0.9,5 = 0.5,
v=4.50=1.5

5 HkiE

AR BB H 2 R R R 7 — R &
REMTRBN, HERHRTUFEEERE G
WA AEHZ TR RS0 H 2P s 8
WHAR. TERFEK R, CRERK SN E
H B SERET RN E RN AR R
B & R R Sh I ERTIR R . 53 4h, B A
BRI 43 2R TR S R X IR G e 2 i i — 2
PFHELBR T X R A B AR R IR T R R B 47 4 3)
W) 12 3B Ah A —E TR EXT R TR BT
AT BUR IR T — LR AR AT &
SRR, STIR PESh 1 2# 07 BRL T A5, R R
NATB AR — T PR B Tt — R R4
e SR, B I UL, TRIE B A B IR R
WIBATHEF , € RAEH B EATIAAR f B H
fRETY.

2 % X

1 ARFE. BEWaFE. L5 8%S8F LR, 2004:
238 ~ 260 (Shi Liangping. Macroeconomics. Beijing:
Higher Education Press,2004:238 ~260 (in Chinese))

2 Goodwin RM. The non= linear accelerator and the persis-

tence of business cycles. Econometrica ,1951,19:1~17



FaM

RREE: — 2 ARS8 5RE 43

3 Hicks JR. Harrod's dynamic theory. Econometrica ,1949,
16:106~121

4 Hicks JR. A Contribution to the Theory of the Trade Cy-
cle. Oxford: Oxford University Press,1950

5 Puu T, Sushko I. A business cycle model with cubic non-
linearity. Chaos, Solitons and Fractals,2004,19: 597~
612 ’

6 Puu T. Attractors, bifurcations, and chaos-nonlinear phe-
nomena in economics. New York :Springer-Verlag, 2003

7 RNR. EMETFE. LFE . PEESREN R, 199
( Liang Xiaomin. Macroeconomics. B(iijing: China Social
Science Press, 1996 (in Chinese))

8 MR ENEFEMEHN. AR .BREARLRM,
1990(Bai Baoli. Macroeconomic Model and Analysis. Xi’
an: Shaanxi Renmin Press, 1990 (in Chinese))

9 IEDHESR. HEEREFER. A FEt2H
ZF kAL, 1997(Thomas J. Sargent. Dynamical Macroe-
conomic Theory. Beijing: China Social Science Press,
1997 (in Chinese))

10 Strotz RH, McAnulty JC, Naines JB. Goodwin nonlinear
theory of the business cycle: an electro-analog solution. E-
conometrica ,1953,21(3) :22~43

11 Lorenz HW. Chaotic attractors, chaotic saddles, and
fractal basin boundaries: Goodwin’s nonlinear accelerator
model reconsidered. Chaos, Solitons and Fractals, 2002,
(13):957~965

12 Lucas RE. Econometric policy evaluations: a critiqﬁe.
(In): Brunner K, Meltzer A. H. The Phillips Curve and

" Labor Markets. Camegie-Rochester Conference Series on
Public Policy. Amsterdam: North Holland, 1976:19~46

13 RIS A% BRI s . KU ¥

© BlEBR HAAE, 2001 (Grebogi C, Yorde ]. A. The
Impact of Chaos on Science and Society. ChangSha: Sci-
ence and Technology of Hunan Press, 2001(in Chinese))

14 Amold L, Wihstutz V. Lyapunov Exponents-a Survey.
(In): Amold L. Wihstutz V. Lyapunov Exponents, Pro-
ceedings of a Workshop. Lecture Notes in Mathematics,
Berlin: Springer-Verlag, 1986

15 Wolf A, Swift JB, Swinney HL., Vastano JA. Determin-
ing Lyapunov exponents from a time series. Physica D,
1985,16:285~317

16 BEA. BREMRETE. L. FEEF G M,
2003: 330~ 333 (Yang Yusheng. Modernistic Macroeco-
nomics. Beijing: Economic Press of China: 2003: 330~
333(in Chinese))

BIFURCATION AND CHAOS IN A BUSINESS CYCLE MODEL"®

Zhao Junfeng Li Wei

(Department of Applied Mathematics, Northwestern Polytechnical University, Xi'an, Shaanxi 710072, China)
Abstract Based on the macroeconomic ideas of Goodwin and Puu, this article derived a generalized nonlinear
dynamical business cycle system. First, the numerical methods were used to investigate the global bifurcation
behaviors of the system depending on certain parameters. Then, by means of the largest Lyapunov exponent,
the variations of the dynamical characters during the bifurcation were discussed. Through the bifurcation fig-
ures, we found the period-doubling bifurcation route to chaos within some parameter intervals,and there were
several periodic windows embedded in the chaotic domains. Besides, the increase of “accelerator” value can
improve the cyclical motion of economics. Finally, the potential applications of the dynamical properties by bi-
furcation and chaos analysis to understanding economic fluctuations were introduced.
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